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Abstract

We study the multi-type Cannings population model. Each individual has a type be-
longing to a given at most countable type space E. The population is hence divided into
|E| subpopulations. The subpopulation sizes are assumed to be constant over the gen-
erations, whereas the number of offspring of type £ € E of all individuals of type k € E
is allowed to be random. Under a joint exchangeability assumption on the offspring
numbers, the transition probabilities of the ancestral process of a sample of individ-
uals satisfy a multi-type consistency property, paving a way to prove in the limit for
large subpopulation sizes the existence of multi-type exchangeable coalescent processes
via Kolmogorov’s extension theorem. Integral representations for the infinitesimal rates
of these multi-type exchangeable coalescents and some of their properties are studied.
Examples are provided, among them multi-type Wright—Fisher models and multi-type
pure mutation models. The results contribute to the foundations of multi-type coales-
cent theory and provide new insights into (the existence of) multi-type exchangeable
coalescents.
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1 Introduction and model definition

Multi-type population models in the spirit of Cannings [6] [7, 8] are studied, where each
individual is equipped with a certain type taken from a given type space E. It is assumed
that F is at most countable. The population is hence divided into |E| subpopulations. It
is furthermore assumed that the size N € N := {1,2,...} of each subpopulation & € FE
is deterministic and constant over the generations. We denote by N := (Ni)rer € NF the
vector of all subpopulation sizes. In the following the dynamics of the model is first described
for a single generation step. For k,¢ € E and i € [Ng] := {1,..., Ny} let vy 4, denote the
(random) number of offspring of type £ € E of the i-th individual of type k € E. Clearly,
Nig:= Zie[Nk] Vg,e,; is the number of offspring of type £ € E of all individuals of type k£ € E.
Note that » ;. Ni¢ is the total number of offspring of type £ € E, whereas ;. Ni ¢ is the
number of offspring of all individuals of type k € E. The assumption that all subpopulation
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sizes are constant over time puts the restrictions

Z Nie = Ny, tek, (1)
kel

on the random variables Ny ¢, k,¢ € E. Eq. is the analog of Cannings [7, Eq. (30)]
and Hossjer [13] Eq. (2.1)]. The subclass of models satisfying Ny, = Ny, for all k € E
or, equivalently, Ny, = 0 for all k,¢ € E with k # ¢, is studied in [22]. Our analysis is
based on the assumption (compare also with 7, p. 266]) that the offspring sizes are jointly
exchangeable, i.e.,

(A) for all permutations 7y, ¢ of [Ny], k,£ € E, (Vk0,x, ,(i))k,ecE,ic|n,) has the same distri-
bution as (Vx,e,i)k,ce B ic|Ny]-

Less general, as in [I3], one may assume that the offspring sizes are

(A1) exchangeable in each subpopulation, i.e., for each k € E the random vectors vy ; :=
(Vk,0,i)eeE, © € [Nk], are exchangeable and

(A2) independent in different subpopulations, i.e., the (v ;)ien,), ¥ € E, are independent.

Clearly, (A) implies (A1). If (A1) and (A2) are satisfied, then (A) holds as well, since indepen-
dence implies exchangeability. If (A2) is satisfied, then, for each ¢ € E, the Ny 4, k € E, are
independent, which together with implies that the N, are deterministic almost surely,
which is the reason why in [I3] it is assumed that the Ny ¢ are deterministic. Our results
however hold under the more general assumption (A). In particular, the Ny o are allowed to
be random and all results in this article hold for random Ny, ¢ satisfying .

Up to now the model is defined for a single generation step. The description of the model
over the generations is rather simple. Offspring sizes in different generations, labeled with
reZ:={...,-1,0,1,...}, are simply assumed to be independent and identically distributed
(iid).

Figure [1] illustrates a realization of two consecutive generations of the model with type
space E = {1, 2,3}, subpopulation sizes N = (N1, N2, N3) = (4,6,5) and with the realization

3 2 1
(Nko(W))keer = 1 4 3
0 0 1

The offspring numbers can be read off from Figure [I] For example, the first individual of the
first (blue) subpopulation has v 1 1(w) = 2 offspring of type 1 (blue), 11 21(w) = 1 offspring
of type 2 (green) and v 31(w) = 0 offspring of type 3 (red). For |E| = 1 and under (A),
this model reduces to the classical single-type exchangeable population model introduced by
Cannings [6], [7].

The paper is organized as follows. In Section [2] basic properties on the ancestry of multi-
type Cannings models are derived. Section [3| provides new multi-type consistency equations
and discusses symmetry and exchangeability issues of multi-type Cannings models. Conver-
gence results as all subpopulation sizes become large are provided in Section[d Sections[f|and
|§| deal with (the existence of) multi-type exchangeable coalescent processes and their integral
representations. Two examples, the multi-type Wright—Fisher model and a multi-type pure



Figure 1: An illustration of two consecutive generations with three subpopulations
Ny =4

mutation model, are extensively analysed in Section [} The proofs are provided in Sections
except for the proof of the integral representation (Theorem , which is — because of its
length — provided in the separate Section [9] The article finishes with short appendix collect-
ing some basic bounds, definitions, illustrations and results used throughout the article. The
results extend those obtained in [22] and, hence, contribute to the foundations of multi-type
coalescent theory.

It is almost impossible to mention all relevant literature here. Precise citations are made
at the appropriate places throughout the article. For recent related works on multi-type A-
coalescents we refer the reader exemplary to Gonzdlez et al. [I0] and Johnston, Kyprianou
and Rogers [15].

2 Ancestral structure

Before we will define the multi-type ancestral process, let us recall some basics on set parti-
tions having labeled blocks, also called labeled set partitions. We shall also introduce some
notations for random labeled partitions.

2.1 Block labeled set partitions

The literature on labeled set partitions, also called colored, marked or typed set partitions, is
sparse compared to the immense literature on standard set partitions. We refer the reader to
Kallenberg [I7] for probabilistic theory on marked partitions, to Goyt and Pudwell [11 12]
for some literature on the combinatorics of colored set partitions and to Alberti [1], where a
labeled partitioning process is studied. For n € N let P,, denote the space of partitions of [n].
Note that |P,| = Z;L=1 S(n,j), where the S(.,.) denote the Stirling numbers of the second
kind, i.e., S(n,j) is the number of partitions of [n] having j blocks. Any partition = € P,
can be written as 7 = {By,..., B;}, where B, ..., B; are the (non-empty) blocks of 7. The
order of the blocks is not relevant, but usually the blocks are listed in order of appearance,
ie. 1 € By, min([n] \ By) € By and so on. Given a partition {Bi,...,B;} € P, having j
blocks Bj, ..., B;, one may equip each block B; with a type k; € I leading to the partition
{(B1,k1),...,(Bj,k;j)} having labeled (colored) blocks. Such a partition is called a block-
labeled partition or simply a labeled (or colored, marked or typed) partition. Let P, g denotes
the space of labeled partitions of [n]. If d := |E| < oo, then [P, 5| = >7_, @ S(n,j) < oo.



Alternatively, by Dobinski’s formula (see, for example, Eq. (21) of Hsu and Shiue [I4] or
Mansour [19, p. 384, Example 8.12]), |P,.g| = e ¢ Y50 @ 3"/t if d < oc. For 7 € Py g any
block (B, k) € m is called a k-block of . a

It is sometimes useful to delete all labels of a labeled partition. Formally, for n €
N, the function r, : Pn g — Pp, defined via r,(m) = {Biy,...,B;} for all 7 =
{(B1,k1),...,(Bj,kj)} € Py, is called the (n-th) label removal function. The function
rn, simply maps each labeled partition to its non-labeled counterpart by removing all labels.

For a permutation o € S,, and a block B C [n] define o(B) := {o(i) : ¢« € B} and for
™= {(Bl, ]{11), Ceey (Bj, k])} S Pn,E define O'(ﬂ') = {(O'(Bl), kl), ey (O'(Bj), k])} S Pn,E-

2.2 Random labeled partitions

A random labeled partition of [n] (with label space F) is a random variable II taking values
in P, g. The following notions of exchangeability are in the spirit of Aldous [2], Kallenberg
[I7, p. 343] and Pitman [25]. For a probability space (2, F,P) and A € F let P4 denote the
restriction of P to A defined via P4(B) :=P(BN A) for all B € F.

Definition 1 (Partial exchangeability). Let n € N, G C S, and A € F. A random labeled

partition I1 of [n] is called partially exchangeable with respect to G, if o(I1) L forallo € G,
i.e., P(o(Il) =m) =PIl = 7) for allo € G and all ™ € P, . A random labeled partition II is
called partially exchangeable with respect to G on the event A, if Pa(o(Il) = m) = P4(Il = 7)
forallo € G and all m € P,, g, where P4 denotes the restriction of P to A.

Remark. For A =, partial exchangeability with respect to G on A is the same as partial
exchangeability with respect to G. If II is partially exchangeable with respect to G, then
IT is even partially exchangeable with respect to the group (G) generated by G. Partial
exchangeability with respect to the full group G = S,, of permutations of [n] is simply called
exchangeability. We will come back to exchangeability issues at the end of Section

2.3 Multi-type ancestral process

Suppose that one has sampled n € [}, Ni| individuals from the current generation 0.
One may order these n individuals (in some arbitrary way) and let kq,...,k, € E denote
their types. Looking r € Ny := {0, 1, ...} generations backward in time, the ancestry of the

sample can be captured by defining a random labeled partition A, = AN of [n] such that
(by definition) é,j € [n] belong to the same k-block of A, if and only if the individuals i
and j have a common ancestor r generations backward in time and this ancestor has type
k. Note that A, not only depends on the sample size n and on the subpopulation sizes Ny,
k € E, but also on the distribution of the offspring numbers v ¢ ;, but this dependence is
suppressed in our notation for simplicity. The process A := (A;)ren, is called a multi-type
ancestral process or, alternatively, a multi-type backward process or a multi-type discrete n-
coalescent process. The assumption that offspring sizes in different generations are iid ensures
that A is a homogeneous Markov chain (HMC) with state space P, g and initial state Ay =
{{1},%k1),...,({n}, kn)}. In this case the initial state A is a deterministic labeled partition
of [n] into singletons. Note however, that we could have sampled from generation 0 according
to some different (even random) scheme, for example in such a way that Ag is an exchangeable



random labeled partition. We will come back to the impact of the distribution of Ag at the
end of Section Bl Let

Pra = PA, =7 | A1 =), w7 € Ppp,7 €N, (2)

denote the transition probabilities of A. Note that pr » = pTr o depends on the subpopulation
sizes N = (Ny)rer, but this dependence is often suppressed in our notation. Transitions from
7w € Pn.g to © € P, g are only possible if each block of 7’ is a union of some blocks of 7
(types of the blocks disregarded here). We write 7 C 7’/ in this case. For 2 € R and n € Ny
let (z), = H?;Ol(x — 4) denote the descending factorials. Since, in each subpopulation,
offspring to parents are randomly assigned (random assignment condition), it follows under
(A) that the transition probability can be expressed in terms of the offspring variables

Vi, 0,s) k‘,é S E, S € [jk], via

_ I
pﬂ',‘n" - kEE H H Vkés Zkzb ﬂ-aﬂ-/epn,Eaﬂ-gTr/? (3)
HZGE i

klcE s=1

where i¢ and j, are the number of ¢-blocks of m and k-blocks of ' respectively and ix ¢ s, k, £ €
E, s € [jg], are the group sizes of {-blocks of 7 merging to the s-th k-block of 7’. A proof of
is provided in Section The structure of the transition matrix P is illustrated exemplary
for sample size n = 2 in Section in the appendix. Note that }, Sk ikes = i,
¢ € E. In particular, the transition matrix P := (pr ' )x,xep, » has diagonal entries

Prm = E( H H Vk:,las); ™ E 7Dn,E~ (4)

keFE s=1

Consistency properties of the transition probabilities and symmetry properties of the
ancestral process are deferred to Section [3| If Ny o = 0 for all k # ¢, then reduces to the
transition probabilities [22, Eq. (9)] for multi-type Cannings models, where each offspring
has the same type as its parent. For F = {1}, Eq. reduces to the well-known formula for
the transition probabilities of the discrete coalescent for single-type Cannings models (see,
for example, [23] Eq. (3)])

_ (N);
Prmr = (N)iE((Vl)h"'(Vj)ij)’ (5)

where N (:= Nj) is the total population size, i and j are the number of blocks of m and 7’
respectively, vg :== 11 1,5 for s € [N] and i1, ...,4; are the group sizes of merging blocks of =.
Note that i1 +--- 4+ 1; = 1.

The coalescence probability that two individuals of the same type ¢ € E share a common
parent of type k € F one generation backward in time is

Ny,
Wei)2) N v _ Nk 2 _M — ¢
E(g i) = B = (B~ S = VN, )

provided that N, > 1, in agreement with for ip:=2,is:=0for s € E\ {{}, jp := 1 and
js :=0for s € E'\ {k}.



Similarly, for k, 41,0 € E with 1 # {5, the coalescence probability that two individuals
of different types ¢; and {5 respectively share a common parent of type k one generation
backward in time is

Ny
Vi ty,i Vi, lo,i Ny,
E 2L 2 = E =: Ni., Ny, N, 7
(;_1 Np. N52> Ny Mo, (Vk 1 1Vk05,1) Ch,t1,6,(Niey Noyy Noy), (7)

again in agreement with for ig, := ip, := 1,45 := 0 for s € E\ {1,432}, jr := 1 and
js == 0 for s € E\ {k}. We call ¢x 1(Nk, Ni), k € E, the diagonal coalescence probabilities
and all the other coalescence probabilities the off-diagonal coalescence probabilities. There are

= | E| diagonal coalescence probabilities and (d)s + d(d)2 = d® — d off-diagonal coalescence
probabilities, thus, altogether d® coalescence probabilities.

For r € Ny and k € E let Y, ;, denote the number of k-blocks of A, and define Y, :=
(Yyk)kee. Using an argument in the spirit of Burke and Rosenblatt [5] it is readily seen
that Y := (Y;)ren,, called the (multi-type) block counting process of A, is a HMC with
(partially ordered) state space N§. Let p;; := IP’(YT =j|Y,y =4), 4,5 € NP, r e N,
denote the transition probablhtles of Y. From (3)) it follows that, for all 4,j € N¥ with i > j

(componentwise),
- )

kleE s=1

where the sum ) extents over all iy ¢ € No, k,£ € E, s € [ji], with >, Ei’;l k0, = t0
for all £ € E. Tt is often useful to study the N¥-valued process Y before considering the full
partition-valued process II.

3 Consistency and symmetry

Single-type Cannings models satisfy a fundamental consistency property (see Eq. below)
being crucial for the analysis (of the ancestral structure) of these models. Proposition
below shows that multi-type Cannings models satisfy a similar but more involved multi-type
consistency property. In order to state the result, it is useful to introduce matrices of the
form T := (tx¢)kecr, where each entry ¢ of T is a (possibly empty) vector of the form
the = (ik,e,s)selj,] With jr € No for all k € E and iy, € Ng for all k,£ € E and all s € [j;]
satisfying ip := >, . p Sk iges < N forall € € ECIf ji, =0 then o = () =: 0 € RY is the
empty vector (neutral and only element of R®) for every £ € E. The symbol T is used since
T is a tensor. With this notation, the transition probability is of the form

P = ©;(T) with &;(T) := o\"/(T) = Uiep(N “E( 11 H (Vk,e,) ) (8)

HfEE e kEE s=1

where j := (ji)ker and T is the tensor defined above. Note that, if j = e is the k-th unit
vector in R¥, then

N,
(1) = E( (Vi,e1)i 1), keEFE.
g HZEE(Nf)ik 01 Zle_L e



In particular, the coalescence probability (6) has the form ¢y ¢(Ni, N¢) = @, (T), where T :=
(tir o)k 0 e is the tensor with entries tg ¢ := (2) if ¥’ =k and ¢/ = ¢, ty ¢ := (0) =0 € R?
if ¥ =k and ¢ # ¢ and ts o := () = 0 € RY otherwise. Similarly, the coalescence probability
has the form Ck 0y 4o (Nk,Ngl,Ng2) = @ek (T), where T := (tk',é')k/,é/eE is the tensor with
entries ty o = (1) if ¥’ =k and ¢/ € {€1,02}, tir o := (0) =0 € RVif k' = k and ¢ ¢ {/1, 45}
and tg ¢ := () = 0 € R? otherwise.

In the following, for given j = (jx)rer € NE, the space of all tensors T' = (tgs)k.ock
with tx ¢ = (ire,s)se[j,], Where the entries iy, € Ny satisfy ip := > . p > 2" Jines < No
for all £ € E, is denoted by 7;. Note that 7; = ’7;(N) depends on the subpopulation sizes
N := (N)ker and that ®;(T) is well defined for all T € 7;. Thus, ®; is a function from 7;
to [0,1]. The following proposition provides full information on the consistency property of
multi-type Cannings models. Despite the fact that its proof, provided in Section [§ is rather
short, this consistency property turns out to be crucial for essentially all what follows.

Proposition 1 (Multi-type consistency). Under (A), the functions ®; : T, — [0,1], j :=
(jx)ker € N, are consistent in the following sense. For all j = (ji)rer € NE and all tensors
T € T;, the equality

i(T) = > Pjie, (T(k,0) + > > @ (T(k,L,5)) (9)

keE keE s=1

holds for each £ € E with ig := ), Zse[jk] ikes < Ny, where ey denotes the k-th unit

vector in R¥ the tensor T(k, ) is obtained from T by replacing the (possibly empty) vec-
tor the = (ike1s--s0k,050) 0Y (Gke1s---50k05,.,1) and the (possibly empty) vector ty o =
(U 1y 50k, i) OY Gker 15+ -y iker gy, 0) for all € # €, and the tensor T'(k,{, s) is obtained
from T by replacing the single entry iy ¢ by ires + 1.

Remark. In particular, the right-hand side of @D takes the same value for each ¢ € F with
i¢ < Ny, which is a-priori not obvious. For j = (0)gep (null vector), Eq. @D reduces to the
normalizing condition
1= Y @, (T(k0), (€E, (10)
keE

where T'(k, £) is the tensor with entries ¢y ¢ := (1), tg ¢ := (0) for £/ # £ and ty ¢ := () (empty
vector) otherwise. Eq. is easily seen as follows. For all k,¢ € E we have ®., (T(k,¢)) =
(N /Neg)E(vg p1) = E(Ng ¢)/Np. Summing over all k € E and taking into account yields
(T0).

For E = {1} and j := j; € N, Eq. @D reduces to the consistency equation for single-type
Cannings models (see, for example, [2I, Eq. (3) and (4)])

j
O;j(in, . 0i) = Dyyr(in,..yip 1)+ > Pilin, o ist,is + 1isga,. ..y i), (11)

s=1

i1,...,4; € Nwith iy +---+14; <N (:= Nyp). The multi-type consistency property provided
in Proposition I is more involved than its single-type counterpart in the sense that it
cannot be derived from alone. For E = {1}, the normalizing condition reduces to



®,(1) = 1. Note that the same consistency relation holds for all 7y,...,7; € N if ®; is
the exchangeable partition probability function (EPPF) of an infinite exchangeable random
partition (see, for example, Pitman [27, Eq. (2.9)]).

As in the single-type case, multi-type consistency has fundamental consequences, two of the
probably most important of them provided in Corollary [1| and Corollary [2| below.

Let j,j/ € Nf with j < j' (componentwise) and T € T;, 7" € T;» be two tensors.
Recall that T = (tk,e)k,zeE with ke = (ik,é,s)se[]’k] and, similarly, T = (ﬁg,g)k,ZEE with
tho = (U0.5)sely)- We say that T < T" if iy g5 < i o, for all k,¢ € E and all s € [ji]. The

following monotonicity property is a direct consequence of the consistency. Again, its proof
is provided in Section

Corollary 1 (Monotonicity). Under (A), the functions ®; : T; — [0,1], j € N¥, are mono-
tone in the sense that
©;(T") < 2;(T) (12)

for all j,j' € NF with j < j' and all tensors T € T; and T' € Tj with T < T'.

For m,n € N with m < n let g9,m : Png — Pm,g denote the natural restriction from
Po.E to Py g defined via

onm(m) = {(BiN[m], ki) : 1 <0< j,BiN[m] # 0} (13)

for all # = {(B1,k1),...,(Bj,k;)} € Pn,e. The following corollary shows that multi-type
Cannings models satisfy the natural coupling property. For general information on the natural
coupling property of the Kingman n-coalescent we refer the reader to Section 7 of [I8].

Corollary 2 (Natural coupling). Under (A), for allm,n € N with m < n, the restricted pro-
cess (gn,mOAS"))TGNO has the same distribution as the multi-type ancestral process (A&m))reNo.

We now turn to symmetry and exchangeability properties of multi-type Cannings models.
For n € N let S, be the set of permutations of [n]. Each permutation o € S,, acts on R™ via
0z = (Ty(1), -1 To(n)) for all o = (x1,...,2,) € R". This definition is naturally extended
to n = 0 by assuming that Sy contains only one particular permutation oy acting on the
empty vector () € RY via o¢() := ().

Let j = (jx)rer € NF. The definition of the function ®; (see (8)) and (A) imply that ®;
is symmetric in the following sense. For all tensors T' = (ty ¢)rcr € T; and all permutations
Okt € Sjk7 k.l e E,

0,(T) = @,(o(T)), (14)

where ¢ := (04 ¢)k ¢cp and the tensor o(T') € T; is defined via o(T') := (0k etk.e)k ecE-

The distribution of the ancestral process (A,)ren, clearly does not only depend on the
transition probabilities but also on the distribution of .4y. Lemma |l|below shows that the
ancestral process is exchangeable, if one assumes that the individuals from generation 0 are
sampled in such a way that Ay is an exchangeable random labeled partition. For example, one
may sample all n individuals from a single subpopulation or one may sample the n individuals
in an exchangeable manner such that their random types are exchangeable E-valued random
variables. The proof of Lemma [l is provided on Section



Lemma 1 (Exchangeability). If Ao is exchangeable then A, is exchangeable for all r € Ny.

Remark. If Ay is not exchangeable, then all the A,., r € N, are in general not exchangeable.
Still, the ancestral process shares some ‘reduced’ symmetry properties. To explain this it
turns out to be useful to introduce certain subgroups of the permutation group S,, as follows.

Let ki, ..., k, € E. For £ € E define Ay := {i € [n] : k; = £}. Note that A, = A{F-F)
depends on ky,. .., k, and that ), |As| = n. For £ € E let o4 be a permutation of A, and
for i € Ay define o(i) := 0¢(4). Use the symbol Sk, ..k, for the set of all such permutations
o. Note that Sk, ..k, is a subgroup of S,.

Now, let 7 € P, g and let k; = k;(m) denote the type of individual ¢ € [n]. Then, for every
generation r € N, the random labeled partition A, is partially exchangeable with respect to
Ski,... k, on the event {A,_; = m} in the sense of Definition [1} i.e.,

.....

Plo(A) =7 A_1=7) = P(A. =7, A_1 =)

for all o € Sk,,...k, and 7’ € P, g.

For the single-type situation |E| = 1, all the kq,...,k, are equal and, hence, the sub-
groups Sk, ...k, coincide with the full permutation group S,,. Thus, in this case, the equality
Plo(A,) = 7', Ay = 7)) = P(A, = 7', A,_1 = m) holds for all ¢ € S,, and 7,7’ € P,.
Summing over all 7 shows that o(A,) L A, forall o € S,,. Thus, A, is exchangeable. Similar
issues concerning d-type exchangeability for infinite labeled partitions and d-type coalescents
are addressed in [I5 Section 3.1].

4 Limiting results

It is natural to investigate the behaviour of the ancestral process AN = (A,@”’N))TeNO for
large subpopulation sizes Ni, k € E, i.e., when the minimal subpopulation size

Npin := min N, 15
min N, (15)

tends to infinity. In the following, Py = (pErAQ,),,’,T/epny 5 denotes the transition matrix of the

ancestral process (.A&n’N)),.eNO and I the identity matrix (of the same size as Py ).

Lemma 2. Assume that n > 2. Then the convergence Py — I as Nypin — oo holds if and
only if E(vg k1) — 1 and E(vg g1k k2) — 1 as Nmin — 00 for all k € E. In this case,
(Nk/Ng)2IE(l/k7[7ll/k,[72) — 0¢ (Kronecker symbol) as Nyin — 00 for all k,{ € E.

Let us first focus on a situation, where it will turn out that the ancestral process is in
the domain of attraction of a discrete-time limiting multi-type process. Let j = (jx)ker €
NE. A tensor T = (ty )k eep € T, is called a diagonal tensor, if ty, = 0 (€ RI*) for all
k,¢ € E with k # £. The particular diagonal tensor (ty,)recr € T; with diagonal entries
trg = (1,...,1) € RI* for all k € E is denoted by 1;.

Theorem 1. (Convergence of the ancestral process, discrete-time limit)
Assume that for all j = (jr)ker € NE and all tensors T = (tpo)keer € T; \ {1,}, the

(N)(T) — ¢;(T) as Nmin — 00 holds for some constant ¢;(T) € [0,1]. Let

convergence P



n € N. If .Aén’N) — Hén) in distribution as Npin — 00 for some random labeled partition
Hén) of [n], then the multi-type ancestral process (Aﬁ"’N))TeNO converges in Dp, ,(Ng) as

Npin — 00 to a discrete-time limiting Markov chain II(") = (Hs,"))reNo with state space Py, g
and transition matrizc A := (ar 5 )x,xep, » having non-diagonal entries ar o = ¢;(T) if
7 C 7' and ar o =0 otherwise, and diagonal entries ap  :=1— Zw/#r, fI—

For many multi-type Cannings models (see Lemma , the transition matrix Py of the
ancestral process satisfies Py — I as Ny — 00. This holds for example under a sort of
weak mutation assumption for the multi-type Wright—Fisher model discussed in Section
In this situation, the limits ¢;(7") in Theorem (1] are all equal to zero and, hence, Theorem

is not useful, since the limiting Markov chain IT1(") satisfies Hg") = H(()n) almost surely for
all » € Ny. Thus, other assumptions are required in this situation to obtain convergence of
the ancestral process to a non-degenerate limiting process. The following result covers such
cases and it turns out that the limiting process is a continuous-time multi-type process.

Theorem 2. (Convergence of the ancestral process, continuous-time limit)

Suppose that, for every N = (Ni)ker, there exists ey > 0 such that cy — 0 as Npin — 00
and such that, for all j = (jx)rer € N¥ and all tensors T = (txo)kier € T; \ {1;}, the
convergence @;N) (T)/en — ¢5(T) as Nmin — 00 holds for some real constant ¢;(T'). Let n €
N. If A(()n’N) — Hén) in distribution as Npin — 00 for some random labeled partition H(()n) of
[n], then the time-scaled multi-type ancestral process (.,él(g/iVN)J )e>0 converges in Dp, ([0, 00))

a$ Npin — 00 to a continuous-time limiting Markov process nm = (HE"))tZO with state
space Pp,p and infinitesimal generator Q := (Qrx/ )z P, p having non-diagonal entries
Grw = ¢;(T) if 1 C 7' and g := 0 otherwise, and diagonal entries ¢ == — Zﬂ,?&r Qr,x' s
e Pn,E~

Remark. The standard choice for the time-scaling is the supremum over all coalescence
probabilities

en = sup{cr,e(Nk, Neo), ity 0o (Ni, Noy s Niy ) - k0, 0y, by € E 4y # Lo}, (16)

where ¢, ¢(Ng, Ne) and ¢ e, 0, (Ni, Ne,, Ng,) are the coalescence probabilities defined via @
and (7)), in agreement with the standard choice (see [23]) cy = ®1(2) for the 1-type case.
Intuitively, if time is measured in units of |1/cy | generations, a possible limiting process of
the time-scaled ancestral process as Ny, — 00 should capture the genealogy for all parts
of the ancestral process emerging from maximal coalescence probabilities, i.e., for all parts
having the fastest evolution backward in time. This intuition is made rigorous by Theorem [2]
above. If ¢y — ¢ as Nyin — 0o for some constant ¢ > 0, then we are back in the situation of
Theorem [1, where cp is not needed for the formulation of the convergence result. In Section
Theorem [2|is applied with ¢ := 1/Npin to the multi-type Wright—Fisher model leading
in the limit to the multi-type Kingman n-coalescent.

5 Multi-type exchangeable coalescents

In the following we restrict our attention to the continuous-time setting in the spirit of
Theorem [2} Similar results hold for the discrete-time setting considered in Theorem [I} but
are omitted here for the sake of shortness and simplicity.
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For j = (]k)keE € N¥ let T; denote the set of all tensors T' = (tj¢)kcp With vector
entries ty ¢ € N]’“ for all k,¢ € E. As in Theorem I it is from now on assumed that for every
N = (Nk)keE there exists a constant ¢y > 0 such that the limits

MN(TY — 671,
(T) == i s 17
¢(T) = lm . (17)
exist for all j € N and all tensors T € T;. Note that ¢;(1;) < 0 for all j € NF. In the
following 1t is Shown that the consistency equation l.) of the functions <I>( ) carries over to
the limits . More precisely, for all j = (jx)rer € N& and all T = (tkyg)k’geE € Tj, the

equality
T) = > bjte,(T(k,0)) +ZZ¢J (k, 0, 5)) (18)
keE keE s=1
holds for all / € E, where e, denotes the k-th unit vector in R¥ the tensor T'(k,{) is
obtained from T" by replacing the vector tx ¢ = (ik01,-- -,k 05:) BY ik 6,15 -5k, 1) and

the (pOSSibly empty) vector tk,g/ = (ikyglyl, PN ,ik,é/,j;c) by (ik’g/’l, NN >ik,2/,jk,0) for all gl 7£ Z,
and the tensor T'(k,/, s) is obtained from T by replacing the single entry ix ¢ s by ires + 1.
For T € 7;\{1;}, Eq. (18) follows by dividing Eq. (0) by cx and taking the limit Npyin — co.
For the partlcular tensor T' = 1;, we conclude from @ that, for all £ € F,

N N N
o) -1 Z<b§-+ik< ZjZk o™ (1 Hs))_i
€N kEE kEE s=1 CN
o) (1540,) — 1 o) ( J <1><N> ik £9)
_ Jtee\Titee Jtek
-y Yy
k#£¢ keE s=1

Taking the limit Ny, — oo yields

¢j(1j) = ¢j+ez(1j+ez) +Z¢j+ek k ( + Z Z¢J k 2 S

k£l kEE s=1

Z¢j+ek i(k,0)) +ZZ¢J i(k, £, s))

keE keE s=1

which shows that (18) holds as well for T' = 1.
From Corollary [1]it follows that the functions ¢;, j = (jix)rer € N&, are monotone in the
sense that

0 < ¢;(T") < ¢;(T) (19)
for all j,j" € N with j < j" and all tensors T € T; \{1]} and T € T \ {1/} with T <T".
Furthermore, ¢;/(1,/) < ¢;(1,) <0 for all 4,5’ € NO with j < j’.

Following the proof of Corollary [2l but with conditional probabilities replaced by in-
finitesimal rates (see also Burke and Rosenblatt [5]), it follows by exploiting the consistency
equations that the limiting processes II™), n € N, satisfy the natural coupling property,
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ie., for all m,n € N with m < n, the process (g, m © Hgn))tgo has the same distribution
as I1(™). The Daniell-Kolmogorov extension theorem ensures that there exists a process II
taking values in the space P g of labeled partitions of N such that, for each n € N, the
restricted process (g, o Il;);>0 has the same distribution as (™. The process II is called a
multi-type coalescent. Its distribution is determined by the rate functions ¢;, j € NF. We have
therefore verified the existence of a general class of multi-type coalescent processes allowing
for simultaneous multiple collisions of ancestral lineages. Note that if Ag is exchangeable,
then, by Lemma 1} the ancestral process ( £”’N))T€NO is exchangeable and this exchange-
ability carries over to the limiting multi-type coalescent II. As we shall see in the following
section, the structure and analysis of these multi-type exchangeable coalescent processes is
more involved as it seems to be at a first glance and leads to further open questions.

6 Integral representations

It is well-known (Pitman [26], Sagitov [28]) that (single-type) coalescents with multiple colli-
sions can be characterized by a finite measure A on the unit interval (A-coalescent). Similarly,
single-type exchangeable coalescents (allowing for simultaneous multiple mergers of ancestral
lineages) can be either characterized (see, for example, M. and Sagitov [23]) by a certain
sequence (Q;); en of finite measures @); on the finite simplex

A= {(w1,...,35) €0,1) Zml <1}, (20)

J € N, or (Schweinsberg [31]; see also Sagitov [29]) by a single finite measure Z on the infinite
simplex

A = {m:(xi)ieN:xl2x22-~-20,2xi§1} (21)

ieN

(E-coalescent). Note that A is a compact Hausdorff Polish space. In common for these char-
acterizations is the fact that the infinitesimal rates of the coalescent are expressed in terms of
certain integrals over the corresponding measure A, the sequence of measures @, j € N, or
the measure =, respectively. In this section we aim for similar characterizations for multi-type
exchangeable coalescents.

In the following we focus on the particular subclass of multi-type exchangeable coalescents
having the additional property that the support of the rate functions ¢; is concentrated on
diagonal tensors T € 7; as already defined at the beginning of Section 4] Having a sort of
asymptotically weak mutation regime in mind, this is a natural condition. In this case the
general consistency equation considerably simplifies to

¢](T) = ¢j+ez (T(f, 8)) + Z ¢](T(£’ l, 5))’ teE. (22)

Compared to the rather involved general equations , the advantage of is the
fact that the values ¢;(T) of the family of functions ¢; with diagonal tensors 7" having only
entries greater than or equal to 2 fully determine the functions ¢;. This crucial fact is readily
verified using by induction on the number of ones in the tensor 7', and paves the way
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to obtain integral representations in the spirit of M. and Sagitov [23], Schweinsberg [31] and
Sagitov [29] for rate functions ¢;, j € NZ, with support concentrated on diagonal tensors.

Integral representations for rate functions ¢;, j € N, satisfying the general consistency
equations , however, remain unknown. The general consistency equations also mo-
tivate to study a new class of multi-type exchangeable partition probability functions (M-
EPPF) as defined in Section in the appendix. These stimulating open problems are left
for future work.

In the remaining part of this section it is always assumed that the support of each function
¢; is concentrated on diagonal tensors. We now turn to the desired integral representations.

For j = (ji)ree € N§ let A; denote the simplex of all © := (2 ) ke, scl;,] Satisfying
wp,s > 0forallk € Eandall s € [jz] and ), g i’“ 1Tk,s < 1. For |E| = 1, this definition of

Aj is in agreement with (| . The following integral representation is the natural extension
of 23] Lemma 3.1].

Proposition 2. If the limits ¢;(T) exist for all j € NF and all diagonal tensors T =
(tk,0)kecr € T; with diagonal entries ty ) € {2,3,...}9% for all k,¢ € E, then there exists for
every j € NI a finite measure Q; on A; uniquely determined by its moments

/ HH 02 O (d((rw)nemscin) = 6(T), (23)

7k€Es 1

ins €4{2,3,...}, k€ E, s € [ji], where T := (ty.¢)kecr is the diagonal tensor with diagonal
entries ty 1= (ir,s)selj], ¥ € E. Moreover, the total masses of the family of measures Q;,
j € N, satisfy Qj(A;j) > Qi (Ajr) for all j,j' € NF with j < j'.

Remark. If all the measures Q;, j = (ji)rer € NF with 3, jx > 1, are equal to the
zero measure, then the corresponding coalescent II is a multi-type A-coalescent characterized
by the family A := (Ag)rer of measures Ay defined via Ay := Q., for all k € E. The
measure Ay characterizes the rates of multiple collisions of k-blocks to a single k-block. In
particular, simultaneous multiple collisions of ancestral lineages are impossible and as well
multiple collisions of k-blocks to an ¢-block with ¢ # k are impossible for this coalescent.

The following theorem extends the ‘only if’ part of Schweinsberg [31, Theorem 2]. It char-
acterizes the rates of an exchangeable multi-type coalescent II in terms of a sequence
(ax)ker € [0,00)F and a single finite measure = on (A \ {0}) x EN. Because of its length
the proof of Theorem |3|is provided in the separate Section @ For x = (z;);en € A define

(z,2) = ZieN sz

Theorem 3. Suppose that the rate functions ¢; of the multi-type coalescent I1 are concen-
trated on diagonal tensors. Then there ezists a sequence (ax)rer € [0,00)F and a finite
measure = on (A \ {0}) x EN such that for all j = (ji)rer € NE and all diagonal tensors
T = (tk,e)kece with diagonal entries tgp := (ir,s)sefj,] € 12,3, .. e, the representation

6;(T) = > arl{jmepip =2} +/ Z II meksl{k} ymks)w (24)

kEE (A\{0})x s kEE s=1

holds, where the sum ka . extents over all pairwise distinct my s €N, k€ E, s € [7k]-
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Remark. For the single-type case, reduces to the well-known representation of the rates
in terms of a finite measure = on A via

j =
’ . ;. =(dz
R R Do 1

A\v{o} mi,...,m; EN s=1
all distinct

for all j € Nand iq,...,4; € {2,3,...}, where a := E({0}).

Remark. Although rather different in detail, the representation shares some structural
similarities with the Lévy-Khintchine formula for infinitely divisible distributions on multi-
dimensional spaces. We refer the reader exemplary to Applebaum [3] for some background
on Lévy processes and infinite divisibility. The first part »_, - arl{j=cy i =2} I , called
the Kingman part, characterizing the binary merging rates of the multi-type exchangeable
coalescent. This part can in some sense be viewed as a ‘normal’ or ‘Brownian’ part reflecting
the generally accepted statement that the Kingman coalescent is the ‘normal distribution’ of
ancestral population genetics. The second (integral) part in characterises the simultane-
ous multiple merger rates (resulting from large offspring sizes). This part can be viewed as a
sort of jump Lévy part.

7 Examples

In the following two examples the numbers Ny 4, k,¢ € E, are (mainly) deterministic. For
simplicity it is also assumed that the type space F is finite, i.e., d := |E| € N.

7.1 Multi-type Wright—Fisher model

Let Ny, € Ng, k,¢ € E, be given non-negative integer constants with (see ) Ny =
> ker Nie € Nfor all £ € E. Assume that for every k,£ € E the vector vg ¢ := (Vi 1,i)ic[Ny)
has a symmetric multinomial distribution with parameters Ny, and (1/Ng)i[n,). Assume
furthermore that the vy, k,¢ € FE, are independent. We call this model the multi-type
Wright—Fisher model. In this case the joint distribution of the offspring sizes is given by

P( N Fﬁ{yk,e,i:nk,e,i}) - I M(;}C)N (25)

N
kleE i=1 k€E [T ke

for all ng¢; € Ny with vaz"l Nge; = N for all k,£ € E. It is readily seen from that
(A), (Al) and (A2) hold.

Any multinomial random variable X := (X,)scs with at most countable set S and pa-
rameters n € Ny and (ps)ses has joint descending factorial moments E(J[,cq(Xs)i,) =
(n)s, qi. [ pg for all (is)ses € N§. Thus, the transition probability of the ancestral
process takes the form

per = |1 ((]]Y[k)jk HE<ﬁ(Vk,Z,S)’L'k,LS>>

kEE kliv yep Ns=1

I

keE

(N%)
ENk;yk H (Nk,f)ik,e> —. (I)j(j")7 (26)

i
Ni)i, e N
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where iy, ¢ 1= Zi’;l ige,s for all k,¢ € E. In particular, the diagonal entries are

(Nk.k)i
Prr = H Niikka e Pn,E7 (27)
keE k

since for m = 7', i ¢ s = Ox ¢ (Kronecker symbol) and, hence, iy s = jidr ¢, k,¢ € E. For the
single-type case E = {1}, reduces to the well-known expression p, »» = (N);/N* for
the classical (single-type) Wright—Fisher model with N := Ny, i := ¢; and j := j;. For the
two-type case E = {1,2} and sample size n = 2, the state space P, g = Py,11,2) consists of
the six states

{({172}71)}7 T2 = {({1’2}’2)}a T3 = {({1}31)’({2}»1)},
{({1}71)7({2}72)}7 s = {({1}72)7({2}71)}7 e = {({1}72)’({2}72)}'

In this case, by , the transition matrix P = (p,ri7ﬂj)1§i,j§6 of the ancestral process is
given by

m™ ol

T4

mi1 mi2 0 0 0 0
ma1 o2 0 0 0 0
(N1,1)2 (N2,1)2 (N1,1)2 N1,1N2,1 Ni1Naa (N2)2(N2,1)2
Ni(N1)2  (N1)2N2 Ni (N1)2 (N1)2 (N1)2N3
P = Ni1,1Ni2 N2 1N 2 (N1)2N1,1Ni12 Ni1,1N3 2 N1 2N2 1 (N2)2N2,1 N3 2 ,
N?N, NiNZ N?N, N1 N2 N N2 N.N3
Ny 1Ny 2 N3 1 N3 2 (N1)2N1,1N1 2 Ny 2N3 1 Ni1N2 o (N2)2N2, 1 N3 2
N12N2 N1N2 Nf’NQ N1 N2 N1 Ny N1]\73
(N1,2)2 (N2,2§2 (N1)2(N1,2)2 Ni2N2 2 N1 2N3 2 (N2,2§2
NI(NQ)Q N2(N2)2 N12(N2)2 (N2)2 (N2)2 N22

where my ¢ := Ny /Ny, k,¢ € E, denote the backward mutation probabilities.
The coalescence probabilities (6]) and (7)) reduce to

Ny, (Nke)2
N, Ny) = ——E = ——= k.{te FE 28
it (Ni, Np) (No)s ((Vk,e1)2) Ne(No)s' b e, (28)
and, for k,€17€2 € F with ¢, # 62,

c (Ni, Ny, Np,) = N E(Vs, 1)E(Ve0s1)

k01,05 (Niey Noyy Ny, Ny N, k61,1 k02,1
_ Nk Neoy N, Nioy Nigs (29)

Ny, Ne, Ny Ny NiNg, Ny,

Clearly, the consistency equation @[) holds by Proposition (1} Alternatively, @ is verified
directly as follows. From it is readily seen that

Ny — jik Nk — g ®,(T) Jk )
and
1 Nig—inge o,(T) 1 .
@j (T(k’ga 3)) = (I)j (T) Ny — iy N, = N, —ig Ny, (Nk,l - ij).
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In particular, the latter expression does not depend on s. Therefore,

Z Pjtey, (T(k,ﬂ)) + Z Z (I)j(T(k7£7 s))

keE keE s=1

@;(T) AV ;(T) <~ Jr .

= _— 1 - = — _— —( LV —
Ny — ig kZEE ( Ny ) Nt — i) + 5 kZEE W, Vet = ike)
o;(T) , ®,(T)

- Nt —ing) = ~22(Ny—ig) = @;(T),
N, i, ];EE( kot = Th,e) N, Ze( ) i(T)

which is @

A weak mutation example

In the following all convergence statements and all asymptotic relations are meant as Ny, :=
minge g Nj — 0o. Assume that Ny, /Ny — 1 as Nyin, — oo for all k € E or, equivalently, that
Nio/Ny — 0 as Nyin — oo for all k,¢ € E with k # £. Note that this corresponds to a weak
mutation regime. From E(vg 1) = Nk /N — 1 and E(vg g 1vkk2) = (Ngg)2/NZ — 1 for
all kK € E we conclude (Lemma [2)) that Py — I. Let us also assume that the subpopulation
sizes Ny satisfy the calibration assumption

— ag (30)

as Npin — oo for some given real constants ar > 0. If ap > 0 for all &k € E then (30
means that all subpopulation sizes are asymptotically of the same order. From and
it follows for all k,¢ € E that Nycg e(Nk, N¢) — k¢ 88 Niin — 00 and for all k, 41,05 € E
with &1 # fo that Nicg r,.0,(Ni, Ney, Ne,) — 0 a8 Npin — 00. Recall that N := (Ni)rer.
The natural choice for the time scaling cy is

1 1

= = . 31
N Nmin minkEE Nk ( )

Comparing the coalescence probability with ¢y we have

Ny, N,
W = NminCk (N, Ne) ~ arNgcko(Ng, Ne) — arlpe,
N

which shows that, in the limit, binary mergers of two f-individuals to a k-individual are only
possible for k = ¢ (at the rate a). Similarly, for k, ¢1,¢s € E with £1 # (o,

Ck,él,ZQ (Nk7 NZ17N22)

CN

= apNick,e, 0o (Ng, Noy, Ng,) — 0,

showing that binary mergers of individuals of different types are impossible in the limit.
Having the monotonicity (Corollary ) in mind, it follows that the assumptions of Theorem
hold with all the limits ¢;(T") equal to zero except for ¢, (I') = aj in case of a binary
merging of two k-individuals to a single k-individual. Thus, Theorem [2] is applicable. The
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limiting Markov chain II(™ in Theorem [2|is a multi-type Kingman n-coalescent in the sense
that binary mergers of two ancestral lineages of the same type k to a single k-individual
occur at the rate ay. In particular, during any binary merging event a change of type is
impossible. The measures @); in Proposition |2| are all equal to the zero measure except for
Qe, being a Dirac measure on A, assigning mass ay, to the single point 0 € A, , k € E. The
measure = in Theorem (3| is the zero measure on (A \ {0}) x EN. If a;, = 0, then there is no
activity in subpopulation k, which could be interpreted as a sort of seed bank. For general
information on dormancy and seed bank models we refer the reader to the survey article [4]
and the references therein. Similar multi-type Kingman (n-)coalescents, even with additional
mutation forces, occur for example in [I5], p. 4219] and [22, p. 107].

A strong mutation example

Let M € N and assume that Ny, = M for all k,¢ € E, corresponding to strong mutation.
Then, Ny, = dM, k € E and, hence, Ny, := mingeg Ny = dM. Both coalescence prob-
abilities, and (29), are asymptotically equal to 1/(dM?) = 1/(d*Nyin). Therefore, a
reasonable time-scaling is ¢y := 1/Npiy. From (26)) it follows for all 7,7’ € P,, g with 7 C 7’
that

erE(Nmin)jk Hk,@eE(Nmin/d)ik,z
HzeE(Nmin)iz HzeE errfin

Nl (1= en Siep (5) +olen)) (M) (1= £ 5 e () + olen)

Pt =

Nl=l (1 —CN D e (’2’5) + o(cN)) Nr‘r;rlln
|~ x|
= % (1 + enk(m,7) + o(en))

with k(m,7') == > ,cp (12’) — D keE (J;) — de,@eE (”2“) Thus, the transition matrix Py
of the ancestral process satisfies Py = A+ ¢y B + o(¢n) as Npin — 00, where the matrices
A= (arxn)raep, p and B := (bx x')r xep, » have entries

o {d”' if 7, () = 7 (1),

a = 4
™ 0  otherwise,

and
d"“‘fi(ﬂ', ') if rp(m) = rp(n),
b = d-I~l if rp(m) Crp(a’) and || = |xw| — 1,
0 otherwise.

The matrix A is stochastic and a projection (A2 = A). By Theorem |1} the ancestral process
(A&”’N))TeNO converges in Dp, . (Ng) as Npin — 0o to a limiting discrete-time Markov chain
(H&’”)TGNG with transition matrix A. No merging events occur in this limit. In each time step
only the types of the blocks may change. More precisely, in each time step the resulting type
of every block is chosen at random and independently of everything else. In this case the
support of the limiting function ¢; in Theorem [1|is concentrated on tensors T' := (ty o)k ¢cE,
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where the entries t ¢ := (ix,e,s)se[j,] Satisfy the constrains
o iprs €{0,1} for all k,¢ € E and s € [ji],
* D kcr Zik:l ikes =jeforall £ € E and (32)
¢ Soen X0 ks =g forall k € E.

In particular, the support of ¢; is not concentrated on diagonal tensors. For E = {1, 2, 3},
an example of a transition step with j = (j1, j2,j3) = (4,5,7) and corresponding tensor

(1,0,0,0) (0,1,1,0) (0,0,0,1)
T = (1,0,0,0,0) (0,0,0,0,0) (0,1,1,1,1) (33)
(1,1,0,0,0,0,0) (0,0,1,1,1,0,0) (0,0,0,0,0,1,1)

is illustrated in Figure

Figure 2: A transition step of the limiting process II for £ = {1,2,3} and j = (4,5,7)
corresponding to the tensor 7' in

Ji=4 Ja =15 Jja =17

Having the expansion Py = A+cyB+o(cy) in mind, the ancestral structure can be anal-
ysed in more detail as follows. By [20, Theorem 1], the finite-dimensional distributions of the
time-scaled ancestral process (A(L?/]CVA? J)tZO converge as Ny, — oo to those of a continuous-

time limiting Markov process (ﬁ,(gn))tzo with state space P, g and transition matrix Ae'“,

t > 0, with infinitesimal generator G := ABA. For example, if n = 2 and d = 2, then
Nmin = 2M7

% % 0 0 0 0

: 2 0 0 0 0
M-1 M—-1 M-1 M M M-1

Py — AM(2M—1) 4M(2M-1) 4M 2(2M—-1) 2(2M-1) 4M
N = 1 1 2M—1 1 1 2M—1
M 8 o84 i i oMLy
o fvas) VA A Ar !

AM(2M—1) 4M(2M-1) 4M 22M—-1) 2(2M-1) 4M
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and Py = A+ ¢y B+ o(en) as Npin — 00, where

L1109 0 0 0 0 0l 0o 0 0 O
2%0000 00l 0 0 0 O

0 0|f T I T I I [_I I I _TI
A= o o/ttt 1| and Be= | f f]77 & & 7%
o ol f 11 tt"t o, 1

o ottt 1 tt Tt 1

4 4 4 4 4 4 2 4 4 2

We refer the reader to Hossjer [I3, Theorem 4.1] for a similar convergence result for the
process counting the total number of ancestral lineages. Related convergence statements and
proof methods based on Lemma 1 of [20] can be found in Kaj et al. [16], Nordborg and Krone
[24] and Sagitov and Jagers [30]. We leave similar convergence results for the associated multi-
type block counting process for the interested reader.

One may modify the multi-type Wright—Fisher model by assuming in addition that the
Ny ¢ are random. For example, one may assume that, for each ¢ € E, the vector (Nk¢)ker
has a multinomial distribution with parameters Ny and (ug ¢)rep for some given parameters
ug,¢ and that these vectors are independent over ¢ € E. We leave the technical analysis of
this modified Wright—Fisher model for the interested reader.

7.2 A multi-type mutation model without merging events

Suppose that in each time step a given number Ny, € Ny of individuals of type k € £ mutate
to type ¢ € E, where the numbers Ny, ¢, k, ¢ € E, satisfy the constrains

ZNk,e = N, = ZNM € N, ke E. (34)
(cE teE

This mutation model can be formulated in terms of a model with offspring sizes vy ¢; as
described in Section [I| using the interpretation that ‘mutation to type £’ is equivalent to
‘having one offspring of type £’. Since, with this interpretation, each individual has exactly
one offspring, the family sizes vy, ¢ ; satisfy

Zyk7€7i = 1, kEE,iE [Nk]
leE

In particular, each v ¢; takes values in {0,1}. In contrast to the Wright—Fisher model, for
arbitrary but fixed k € E and ¢ € [Ny], the offspring sizes v ¢, £ € E, are not independent.
The joint distribution of the offspring sizes is obtained as follows. For k € E define vy =
(Vk,e.i)ie[Ny) ece- 1t is readily seen that the vy, k € E, are independent, where each vy, is
uniformly distributed on the set {2, consisting of all (n,i)ecp,ic[n,] satisfying

o nyy; €1{0,1} for all £ € E and i € [Ny],
° vazkl Nge; = Nie for all £ € E, and

® > icpNkei = 1 forall i € [Ng].
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Note that Qx| = Ni!/[I,c 5 Nk,e!. Thus, the joint offspring distribution is given by

Ny,
IP’< ﬂ n{Vk,e,i nkh}> H |Qk| H H¢6E NH 35)

keE i=1 keE keE

for all nge; € {0,1}, k,£ € E, i € [Ny], satisfying Z - Nk = Ny for all k,0 € E and
Y vepMhei = 1 forall k € E and i € [N]. In particular, Assumptions (A), (A1) and (A2)
hold.

Looking backwards in time no merging events are possible. Thus, a transition of the
discrete ancestral process from m € P, g to #’ € P, g is only possible if 7’ has the same
blocks as 7 (types of the blocks disregarded here). In this case, by ,

e = T )

kerE Tk leFE s=1
(Nk—jx)!
(Nk)ji < 2 (Nk) i TTecs(Nee—in.0)!
P {vres =1} Ee
kg; ((Nk)ik ‘sz Sﬂl 1 kgf (Nk)iy |2
k,l,s—

HHZGE Nkhu _ HerE NHZH7 (36)
keE leE

where, for k,0 € E, iy, = i 1%k,¢0,s denotes the number of blocks being a k-block of 7/
and an /-block of 7. Note that i, := ), _pir,¢ is the number of /-blocks of 7, £ € E, and
that jp := ZEGE ik is the number of k-blocks of 7’. In particular, the transition matrix of
the ancestral process has diagonal entries

Nii)i
Prx = ) ((]5’3) T € Pos. (37)
kep VR

This model is a reformulation of the migration step considered around Figure 2 on p. 105 of
[22] in terms of a multi-type Cannings model with offspring distribution . A migration
from colony k to colony £ in the model in [22] is interpreted as a mutation from type k to
type £. Note that is in agreement with [22] Eq. (12)]. Figure 2 of [22] shows a graphical
representation of one generation step of this model for EF = {1,2,3}, subpopulation sizes
Ny := 4, Ny := 5 and N3 := 7, and mutation numbers Ny ; := 1, Ny := 2, Ny 3 := 1,
N271 = 17 N272 = 0, N273 = 4, N371 = 2 N3 2 : =3 and N3 3 = 2.

Clearly, the transition probabilities ([36|) satisfy D, 1ePy.p P = = 1forall m € P,, g, which
can be also formally verified as follows. Fix m € P,, g. For ¢ € E let i; denote the number of
¢-blocks of 7. For any given matrix A := (ix ¢)r ¢cp With nonnegative integer entries iy, € N
satisfying ), . pixe = i¢ for all £ € E let us denote with P(A) the subset of all 7’ € P,
having the same (un-labeled) blocks as m and with the property that the number of blocks
being a k-block of 7" and an ¢-block of 7 is equal to ik . Note that P(A) depends on n, E
and m, but this dependence is suppressed in our notation, since it is not important in the

following. By ,

Z Prmr = Z Z Drw = Z|7> |HHk6E NMM’

T EPn. A 7/eP(A) (€E
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where the sum EA extents over all matrices A = (ix )k rcp as described above. Since
[P(A)] = Tlicr T it follows that

=1

)

[lker ]xff [ier (szw)
> e = S = (2 )
' EPnp E A (eFE Z() ek (“c,l%)k&EeN(])E (]1\/;[)

ke E th,e=te

since the sum inside the last brackets is equal to 1 (total mass of a multi-hypergeometric
distribution).

For every j = (jix)rer € N&, the support of the function ®; is concentrated on tensors T
satisfying the constrains . Due to these constrains, the general consistency equations in
Proposition [I] simplify to

i(T) = @j4e, (T(4,0)) + i ®;(T(l,4,5)),  LEE.

These consistency equations are, except that we are in the discrete model before taking any
limit, of the reduced form 7 although the support of the functions ®; is not concentrated
on diagonal tensors.

If, for all k,¢ € E, N ¢/N¢ — pre as Npin — 00 for some constants py ¢, then Theorem
is applicable, since the transition probability in converges to [T jep Pht =2 Gr a8
Npin — 00. The limiting process (HS"))TGNO in Theorem |1| has transition probabilities ar s
whenever m and 7’ have the same blocks (types of the blocks disregarded here).

Since all coalescence probabilities (@ and are equal to zero in this model, Theorem
is not applicable with the standard choice for the time-scaling cy.

8 Proofs

We start this section with the proof of the formula for the transition probability pr .

Proof of Eq. @) Let G denote the o-algebra generated by all the offspring sizes vy ¢, k, £ €
E, i € [Ng]. Since, independently for each type ¢ € E, individuals of type ¢ in the child
generation are randomly assigned to parental offspring lineages of type /£, it follows conditional
on the offspring sizes that

PA, =7"| A1 =7,G) ZHHkEEH ((kfnks))zkzs’

n (el NE)

where the sum ) extents over all n := (n(k, s)) e, sej,) With n(k,s) € [Ny] for all k € E
and s € [ji] and n(k, s) # n(k,r) for all k € E and s, r € [ji] with s # r. Taking expectation

yields )
Jk
Drn H ZE< H H(Vk,e,n(k,s))ik,g,s>~
res(N

n kleE s=1
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Exploiting the joint exchangeability (A) it follows that

rew = gt (I )

k€E s=1

The last expectation does not depend on n. Thus, (3) follows from } 1 =[],c5(Nk)j,. O
Next we provide a short and elegant proof of the crucial consistency relation @

Proof of Proposition[]. Define the random variable X := Hk,eeE Hse[jk](Vk,é,s)ik,z,s and the

two constants A := [],.x(Nk)j, and B := [],cp(Ne)i,. Now fix £ € E with i, < N,. For all

k € E it follows from Ny, = ZéNz’“l k1,5 and with the notation iy ¢ := > 7% | iy ¢, that

]E(X Z Vk,e,s> + ZE(X(Vk,e,s - ik,é,s))
s=1

E(X (Nt — ixe))

s=jr+1
Jk
= (Nk — ) E(XVk e jpt+1) + ZE(X(Vk,z,s —ikts))
s=1

by the joint exchangeability (A). Summation over all k € E yields

(Ne = i)B(X) = Y (Nk— ji)E(X vk ja1) + ZklE(X(wc,z,s —ihyes))-

keE keE s=1

Multiplication of both sides of this equation with A/((N; —i¢)B) (> 0) shows that

Apx) = > W — )AE(XW,MH +ZZ E(X (V.5 — ik,e.5))

keE (Ne —ie) B keE s=1 Ne—i)B

which is the desired Eq. @, since %IE(X) = ®,(T) by the definition (8) of ®;, and, similarly,
Np—jg)A ;
NSFEX e jint) = Bjie, (T(k,0) and w2 5E(X (Ve — ines)) = 85 (T(k, ¢, 8))[i

Proof of Corollary[l For j = j/, follows from the consistency equation @D The re-
sult thus follows by induction on ;. (j;, — jr) and exploiting in each induction step the
consistency equation @ again. O

Proof of Corollary[4 The proof exploits ideas going back at least to Burke and Rosenblatt
[5]. Since onm = Om+1,m © -0 On.n—1, we can and do assume without loss of generality that
m =n—1. Define f := g, . Fix 7 € P, g and 7 € Py, g. In the following an expression for

P(fo AW =7 |AY =7) = Y pon (38)

wlef=1(r")

is derived, which in particular shows that depends on 7 only via 7 := f(n).
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If 7 € 7/, then m 7', i.e., pr o = 0 for all 7’ € f~1(7) and (38)) is equal to zero. Assume
now that 7 C 7.

Clearly, the partition 7/ is of the form 7" = {(B1,k1),...,(Ba,kq)} with a € [m] blocks
having types ki, ..., k, € E respectively. For k € E let ji := |[{« € [a] : ko = k}| denote the
number of k-blocks of 7.

Since 7 C 7/, the partition 7 has blocks Bag, « € [a], 8 € [ba], satisfying B, = UZ‘;l Bag
for all @ € [a]. Moreover, each block B,g of 7 is labeled with some type ¢,3 € E. For £ € E
let i := |{(c, B) : Lap = £}| denote the number of ¢-blocks of 7. Furthermore, for k,¢ € E
and s € [ji], let i ¢ s denote the groups size of ¢-blocks of 7 merging to the s-th k-block of
7" and define the tensor T := ({1 ¢)xecr Via tg e := (ir,s)se)s,) for all k,£ € E.

For k € E define nj(k) := {(B1,k1), ..., (Ba,ka), {n}, k)} € Pp g and for « € [a] define
7T(l1 = {(Bl, k1)7 RN (Ba @] {n}7 k’a), RN (Ba, k‘a)} € Pn.E-

If {n} is not a block of 7, then there exist a € [a] and 3 € [by] such that B,g U {n} is a
block of 7. Then, 7’ := x/, is the only partition satisfying 7 C 7" and f(#") = 7/. Hence
is in this case equal to pr .. = ®;(T).

Assume now that {n} is a block of 7, i.e., there exists £ € E such that ({n},£) is a labeled
block of 7. In this case exactly the partitions n’ € {n((k) : k € E} U {n},...,n},} satisfy
m C «’ and f(n’) = 7. Therefore,

P(fo AW =7/ |AY, =) = Y = Y Dy mzpm

Tr’Ef*I( /) kecE
> e, (T(k,0)) +ZZ¢ (k,0,8)) = @;(T),
keE keE s=1

where the last equality holds by Lemma@ the tensor T'(k, £) is obtained from T by replacing

the vector tg s = (ik,1,---,0k.e,j,) by the vector (ike1,- ...k, 1) and the vector ¢y » =

(ik7g/71, e 7ik,€’,jk) by the vector (Z'k7g/71, R ,ik7g/7jk,0) for all £ # ¢ and the tensor T(k, L, S)
is obtained from T" by replacing the single entry iy ¢ s by i, + 1. Thus,
(n) _ 11 g(n) _ — ®; (T) if f(m) C 7,

P(foA; T A =) { 0 otherwise. (39)

In particular, depends on 7 only via 7 := f(n). Now, since {f o Agn_)l =71} =
Use ffl(T){Ai’i)l = 7}, an elementary calculation shows that implies

(n) _ | ;T itTCT
P(f o A; T ‘foAr 1=7) = { 0 otherwise.

Since ( ,(n"))reNo is Markovian, all these calculations remain valid if in the condition the event

{fo Asﬁ)l = 7} is replaced by {f o Ai@l =71,fo Afﬁ)z =Tr_9,...,f o0 .A(()") = 79}. Thus,

fo AS") reNg 18 a Markov chain with the same transition probabilities (and the same initial
0

state) as (A&m))reNo. O

Let us now turn to the proofs concerning symmetry and exchangeability issues. For the
proof of Lemma [I] the following result is needed.
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Lemma 3. For all 7,7’ € P, g and all 0 € S, we have py = Do (n),0 (') -

Proof. Two cases are distinguished. Assume first that 7 € 7’. Then there exists some block
B € 7’ that is not a union of blocks of 7. Thus, for all blocks A4, ..., A, of 7, where m < |7
(]| denotes the number of blocks of ) we have [ J!~, A; # B. Thus, also /-, 0(A4;) # o(B).
Since every block of o(7) is of the form o(A) for some block A of 7, it follows that o(7) €
O—(W/)' Thus, Prmt = 0= Po(m),o(n’)-

Assume now that m C «’. Let T' = ((ik,¢,s)sc[ju] )k.cE, Where ji. is the number of k-blocks
of 7’ and i ¢ s denotes the number of ¢-blocks of 7 merging to the s-th k-block of 7’. Note
that the number i, of /-blocks of 7 can be recovered from T via iy = ZkeE Zi"zl ig,0,s- Thus,
Pr,x = P;(T) depends only via T' on 7 and 7'

Fix k,¢ € E. For s € [ji] let (A1,£),..., (A, ,.,¢) denote the £-blocks merging to the s-th
k-block (B, k) of n’. Then (0(B), k) is a k-block of o(n’) and the ¢-blocks of o(7) merging
to (o0(B), k) are exactly (0(A1),£),...,(0(As, . ), L), since it is straightforward to check that
0(Ap) C o(B) and ANo(B) = 0 for all ¢-blocks (A,¢) of o(n), where A # A, for all
m € [ire,s). Thus, we have exactly iy s ¢-blocks of o(m) merging to this k-block of o (7).
Firstly, this shows that o(7) C o(n’), since every k-block of o(7’) is of the form (o(B), k) for
some k-block (B, k) of 7.

In the same way as above, let 7" = ((ax,¢,s)se[j,] )k,ccE, Where ag ¢ s denotes the number
of ¢-blocks of o(m) merging to the s-th k-block of o(n’). The above secondly shows that
(ak,e,s)sefjp) 18 @ permutation of (iges)sefj,)- By assumption (A) and writing j = (ji)rem,
we thus obtain pr » = ®;(T) = ®;(T") = Po (r),0(x)- O

Thanks to Lemma |3| the proof of Lemma [1|is now straightforward and works as follows.

Proof of Lemma[l We use induction on r € Ny. By assumption Aj is exchangeable. The
induction step from r — 1 to r € N works as follows. For all 7’ € P,, g and o € S,,,

]P(Ar = 77/) = Z pﬂ,ﬂ’P(Ar—l = 7T> = Z pfr;n"P(-Ar—l = 0-(71-))

TEPn E TEPn, E

by the induction hypothesis. Lemma [3| therefore yields

P(.Ar = 7T/) = Z pg(ﬂ,),g(.,rr)P(.AT_1 = O’(ﬂ')).

TEPn.E

With 7 also 7 := o(7) extents over all labeled partitions in P,_g. Therefore,
PA=7) = > pro@)P(A1=7) = P(A =0o(r)).
TE’PH,E

Thus, A, is exchangeable. O

We now turn to the proofs concerning asymptotic considerations as Ny, := mingecg Ni
tends to infinity.

Proof of Lemma[d Since n > 2, the transition matrix Py has as entries in particular all
the mean backward mutation probabilities E(Ny ;)/Ne, k,£ € E, and as well all coalescence
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probabilities @ and @ Exploiting the monotonicity (Corollary [1)) it follows that Py — I
as Npin — oo if and only if %E(Vk,g)l) = E(Ng,)/Ne — k¢ (Kronecker symbol) for all
k,¢ € E and if all coalescence probabilities tend to zero as Ny, — co. From

E(W; 1) = E(Vk k1)
N, —1

ke (Ng, Ni) =

and the bounds in Lemma [6] in the appendix for the coalescence probabilities it therefore
follows that Py — I is equivalent to

E(N E(v?

(T’Z’f) — Ope and M —~ 0 forallk,¢cE. (40)

Thus, it suffices to verify that is equivalent to
E(Vk7k71) — 1 and E(Vk,k,lyk,k,2) — 1 for all k € E. (41)

Assume first that holds. Then, in particular E(vg k1) = E(Ngx)/Ni — 1. Moreover,
since Ny /Ni < 1, we obtain for the second moment of Ny, /Nj, the upper bound

E(NZ ) < E(Nk. 1)
N]? - Ny,

-1 (42)

and, by Jensen’s inequality, the lower bound

E(N{ 1) > (EWVek) ?
ng - Ny,

Thus, E(NZ ;)/(Nk)2 — 1 and, hence,

E(NZ,) E@2,,)
E(Wkk1Vek2) = (N:)J; - Nkkf’i S5 1-1 = 0.

Thus, holds.
Conversely, assume that holds. Then E(Ny x)/Ni = E(vki1) — 1 for all k € E.

Thus, for all £ € E,
Ni.o N E(Ne)
E LI I ] (A I e )
(; N15> ( Ne) N

In particular, E(Ny ¢)/N¢ — 0 for all k, ¢ € E with k # £. For the second moment of Ny, /Ny,
the bounds and are still valid. Thus, again E(N,ik)/(Nk)g — 1 and, hence,

E(”I%,k,l) _ E<ng,k)
Nk -1 (Nk)g

—E(V]“k,ll/k’k’Q) —- 1-1 = 0.

Therefore, holds.
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To verify the last statement let k,¢ € E with k # ¢ and assume that Py — I. Then, as
seen before, E(Ny ¢)/N¢ — 0 and, hence,

Ny
(N3)2 Ny, Nj, E(N,e)

E = Rk E ] < ——E = — — 0.
o)y DVetaviez) = 7Bl vier 2 )= N T Weer) = Fr-1

Thus, (Nk/Ng)QE(l/k7g71Vk7g72) — 0 for all k,é € F with k 75 L. ]

Let us now turn to the proofs of the two convergence results, Theorem [I] and Theorem
] respectively. Although the two proofs have much in common, we provide these proofs
separately, since the proof of Theorem [I] is less technical and does not rely on any time-
scaling.
Proof of Theorem. Let m,7" € Ppg. If @ € @', then p;{\;), = 0 =: ar. Assume now
that @ C ', i.e., each block of 7’ is a union of some blocks of m (types of the blocks
disregarded here). Let iy and ji denote the number of ¢-blocks of 7 and k-blocks of 7’
respectively and let i ¢ s, k,¢ € E, s € [ji], denote the group sizes of ¢-blocks of = merging
to the s-th k-block of n’. Furthermore, let T = (t4.¢)kecr denote the tensor with entries
the = (ikes)selp]y k¢ € E. Then, p(N) = <I>(N)(T). If T # 1;, then, by assumption,

T, T 7
pgr{\;), = <I>§-N)(T) — ¢;(T) =t ar r 88 Nyin — 00. If T'=1;, then 7 = 7’ and

N
pgrl,\;') = 1- Z p7(1—)7r)/ — 1 Z aTr,7r’ = a’ﬂ',ﬂ" Nmin — OQ.
T F#T T £

Thus, the transition matrix Py = (pgr),)m,/epm  of the ancestral process converges to A as
Npin — 00, with the matrix A as defined in the statement of the theorem. The convergence of
the finite-dimensional distributions of the ancestral process (Aﬁ”’N))TeNO and the convergence
in Dp, ,(Ng) to a Markov chain nm = (H&”))TGNO with transition matrix A now follows
immediately. O

Proof of Theorem[3 Let m,n' € Py p. If 7 € ', then pgrjv;r)/ = 0 and, hence, pETJ\Q//cN =0=
¢r x. Assume now that 7 C 7/, i.e., each block of 7’ is a union of some blocks of 7 (types of
the blocks disregarded here). Let iy and j; denote the number of ¢-blocks of m and k-blocks
of 7’ respectively and let i, k,¢ € E, s € [ji], denote the group sizes of ¢-blocks of 7
merging to the s-th k-block of #’. Furthermore, let T = (¢ ¢)k ¢c e denote the tensor with

) <I>;N) (T). If T # 1;, then, by assumption,

o

png\Q,/cN = <I>§N)(T)/CN — ¢;(T) =: ¢r 5 88 Nypin — 00. If T'=1;, then m# = 7’ and

entries ty ¢ 1= (ix,e,s)sefjp]s k¢ € E. Then, p

(N) (N)

1-— Pr, p ’
07” = Z Z’W — Z qrn,n’ = —qrn7, Nmin — O0.
N ' FET N ' F#m
Thus, the transition matrix Py = (pgr]’\;),)mﬂfepnj of the ancestral process ( in’N))TGNO

satisfies Py = I+ cyQ+0(cn) a8 Niin — 00, with the matrix @ as defined in the statement
of the theorem. The convergence of the finite-dimensional distributions of the time-scaled
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ancestral process (A(L?/’gjL)tzo as Nmin — o0 and the convergence in Dp, ,([0,00)) to a

Markov process I1(") = (Hﬁ"))tzo with generator ) now follows as in the proof of Theorem
1 of [22] by applying Ethier and Kurtz [9, p. 168, Theorem 2.6]. O

We now turn to the proofs concerning integral representations.

Proof of Proposition[4 We proceed as in the proof of [23, Lemma 3.1]. Fix j = (jix)ker € N§.
The particular diagonal tensor (t.¢)kecr € T; with diagonal entries t 1 == (2,...,2) € RJ*
for all k € E is denoted by 2;. If ¢;(2,) = 0, then the statement holds with A; being the
zero measure on A;. Assume now that ¢;(2;) > 0. Then, E([],cp [T, (Wi k,s)2) > 0 for all
sufficiently large values of Ny, := mingepg Ni. Let Yy 5, k € E, s € [ji], be random variables
with distribution

(Q s -) = s (Q Qe )

keE s=1 keE s=1

Note that each Y} s in general depends on j = (ji)ker, but this dependence is suppressed
for convenience in our notation. The random variables Y}, ; are a size biased modification of
the offspring variables vy i 5. Note that Yy  , takes values in {2,..., Ny} almost surely. For
all iy s € Ng, k € E, s € [ji], we have

E([Tiep T2 s —viieih)
< H H ) (erE Hs:1(”k7k,s)2) .

Using that t* = 52° _ (t),mS(i,m) for all t € R and i € Ny, where the S(.,.) denote the

m=0
Stirling numbers of the second kind, it follows from the assumptions of Theorem [2| that

(mACE) - e

keE s=1

keE s=1

as Npin — 00, where T' = (ty¢)rocr denotes the diagonal tensor with diagonal entries
trk = (ik,s)seljn), & € E. Note that (Y s/Ni)rer, selj,) 15 concentrated on Aj. Since A;
is compact, the convergence of all the moments implies the existence of a probability
measure P; on Aj such that (Yy s /Ni)rep,selj,] converges in distribution to P; as Npin — 0o.
Thus, (23] . holds Wlth Q; == ¢j(2;)P;. The measure Q] is uniquely determined since the
limiting moments (44) fully determlne Pj. For all j,j’ € N§ with j < j/ it follows from the

monotonicity property (L9) that Q;(A;) = ¢;(25) > ¢ (2; ) Qjr(Ajr). O

9 Proof of Theorem [3

We extend the proof of the ‘only if” part of Schweinsberg [31, Theorem 2] to the multi-type
setting. Let II = (II;);>0 denote the multi-type exchangeable coalescent with rates ¢;(7T'),

J = (r)ker € N¥, T € T;. We furthermore denote with HE") := 0, oII; the restriction of II,
to [n] and by TI(") .= (Hﬁ"))tzo the corresponding n-coalescent. Define the stopping time

S := inf{t > 0:1 and 2 are in the same block of II,}
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and the events
E, := {1,...,n are in distinct blocks of IlIg_}, n € N.

As in [31] it follows that P(E,,) > 0. For n € N let ©,, be a random labeled partition of [n]
whose distribution is the conditional distribution of IIg given E,,. We claim that there exists
a random labeled partition © of N such that o, o © has the same distribution as ©,, for all
n € N. To prove this, let us first verify that o, ,, © ©, has the same distribution as ©,, for
all m,n € N with m < n. Fix m < n. Let § € P, g such that 1 and 2 are in the same
block of §. For k € E let j, denote the number of k-blocks of 6 and ix s € N, s € [ji], the
corresponding block sizes. Define ¢1(2) := >, . ¢e, (2k), where 2;, € T, is the tensor with
i1 = 2. Note that ¢1(2) < oo. Furthermore, let 7' denote the diagonal tensor with diagonal

entries ty 1, 1= (ik,s)sem], ke E. If Hgm) has m singleton blocks, then these blocks merge to
the blocks of 6 at the rate ¢;(T"). The total rate of all coalescence events involving 1 and 2

is ¢1(2). Thus,
_ 9(T)

$1(2)

In the same way, if HE") consists of n singletons, then the total rate of all coalescence events
of [n], such that their restriction to [m] merges to the blocks of 6, is also ¢;(T"). Therefore,
P(0nm © ©n = 0) = ¢;(T)/$1(2). Thus, g,,m © O, has the same distribution as ©,,. A
standard application of the Daniell-Kolmogorov theorem yields the existence of © as the
projective limit of the sequence (0, )nen-

Now, denote by ©’ the restriction of © to {3,4, ...}. Since I is exchangeable, so is ©'. Since
exchangeability in the single-type and multi-type case coincide, copying the proof of Aldous
[2, Section 11, p. 84 ff.], we obtain the existence of the limiting frequencies of the blocks of @,
equipped with a (random) label, the label of the respective block. Write (Py, K1), (P2, Ka), . ..
for the pairs of limiting frequencies and their labels, where the P; are ordered decreasingly
and K; is the label of P;, i € N. We have P, = 0 if ©’ has fewer than n blocks with non-zero
limiting frequencies. Let Py := 1 — Z;‘;l P;. Note that the blocks of © also have limiting
relative frequencies that coincide with those of ©’. Write Bi, Bs,... for the blocks of ©,
such that block B; has limiting frequency P; on {P; > 0} and blocks with the same limiting
relative frequencies are ordered at random, independently of ©. The block B; is undefined
on {Pz = 0}

Let (x¢)rcr be some sequence of distinct real numbers in [0,1). Define a sequence of
random variables Z1, Zs, ... via Z,, := i+ x, on the event {m € B;, K; = ¢} and Z,, := 0 on
the complement of |J;cy Upepim € Bi, K; = £}, i.e., if the block containing m has limiting
frequency 0. Furthermore, let G denote the o-algebra generated by (P, K), where P := (P;);en
and K := (K;);en, and let (z,z) := Y o0, 27 for & = (z;);en € A.

P(O,, = 6)

(45)

Lemma 4. For allm € {3,4,...}, i € N and £ € E we have P(Z,, =i+ x¢|G) = l1x,—y Pi
almost surely and P(Z,, = 0|G) = Py almost surely. Furthermore, P(Zy = i+ x¢|G) =
1{Ki:g}Pi2/(P, P) almost surely on {P, > 0}. Moreover, Zy,Zs3,Zy, ... are conditionally in-
dependent given G.

Proof. Since ©' is exchangeable, also Z3, Zy, ... are exchangeable. The o-field generated by
its limiting empirical distribution is G. Therefore, by [31, Lemma 38], for all m € {3,4,...},
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ieNand/l e E,

n n

. o1 1
P(Zp=itwe|G) = lm —> lz,—itay = Mm — > limen, x—e)

m=1 m=1

IR
= lg,=ny nh_)rrgoﬁ Zl{megi} = lik,=ey s almost surely.

m=1
Moreover,

o0

P(Zn=01G) = 1= > P(Zu=i+xG)
i=1/4eFE

= 1= ZZPil{Ki:é} =1-)» P, = F almost surely.
i=1(cE -1

Since II is exchangeable, the sequences (Z1,Z3, Zy,...) and (Z1, Zy(3), Zy(4), - --) have the
same distribution for all finite permutations o of {3,4,...}. Be Lemma 39 in Appendix
A of Bll, Z1,Z3,Zy,... are conditionally independent given G. It remains to show that
P(Z1 = i+ 2¢|G) = lik,—yP?/(P,P) almost surely on {P; > 0}. Fix n,k € N with
4 < k < n and define the stopping time

Sy := inf{t >0:k — 1 and k are in the same block of II,}

and the event
E, = {1,...,n are in distinct blocks of IIg, _}.

Furthermore, for all £/, m € E let

Owime = {({1,2},m),({3,...,k},0)} € PiE,

Okoem = {({1,....k—2}0),{k—-1,k},m)} € Pyg,
Ml’g = {9/6)17,%@ tm e E},
Mz’g = {0k’2’g$m tm e E}

Now, let II(**1:7) denote the restriction of IT to {k+1,...,n} and let = € Plit1,....n},E- The
exchangeability of IT implies

IP’(Hg“) _ 9k,1,m,e,H(Sk+1’") =7) = ]P(H(si) _ 9k72»fvmﬁﬂ(si+1’n) =)
and therefore, by summation over all m € E,

Py € My, 0™ =7) = P(MY) € My, IG ™ = ).
Since S = S on {H(Si) € My} NE, ) and {H(Sk) € My} N E,, we obtain

P{IY € My} N E, n{IE = 7)) = PUIY € Mo} 0 B, 0TI = 7)),
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Therefore,
PIY € My TG =7 E,) = P(MY € Mo, IEH™ = 7| B,).

Let ©41,, denote the restriction of © to {k + 1,...,n} and Gyt1,, its generated o-field.
Since ©,, is by definition the conditional distribution of IIg given E,, it follows that

P(@k S MLg, ®k+1,n = 7T) = ]P’(@k S ngg, @k+1,n = 7T).
Because this holds for arbitrary m € Piry1,... n},z We obtain
PO € M1¢|Grt1n) = P(Or € May|Grt1,n) almost surely.

Now, let Gry1 denote the o-field generated by the restriction of © to {k + 1,k + 2,...}.
Because UneN Gk+1,n = Gk+1, & standard martingale argument yields

POy € M1¢|Gry1) = P(Or € May|Grt1) almost surely.

The limiting relative frequencies and (random) colors of blocks can be recovered from the
restriction of ©® to {k+1,k+2,...}, so (P, K;)ien is Gr41-measurable. Therefore, G C Gy 11
and by the tower property of conditional expectations

PO € Miy|G) = P(Or € My,|G) almost surely. (46)

In the following it is shown that leads to the statement of the lemma: By the definition
of Zy,Z,, ... it follows by conditional independence that

PO, € Mi1y|G) = ZP(Zsz---ZZk=i+xe,Z1222#i+93z|g)
= Z]P(Z3:~-:Zk:i+xg|g)]P’(Z1;éz'—kxg\g)

= ZP Lrizey (1 — Qi)

almost surely, where Q; ¢ :=P(Z1 =i+ x| G) for all i € N and £ € E. Similarly,
P(@k S Mz,g | Q)

= Z Z P(Zi1=Zy=itay,Zs==Zyo=i+a4,2Zk1=Zp =]+ am|G)
i) mek
= > Y P(Z=ita|GP(Zs= =Tk 2 =i+xe|GP(Zk1 =Tk =j+2m|G)
i#j mek
= D> QuPf k=0 P Lc,=my
i#j mek
= D QP M k= Y PP Lik—my
i=1 Jj#i meE

(o)
= Z QMPf—‘ll{KI_:e} Z P?  almost surely.
o= J#i
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It follows from that

0 = P(@k S Ml,e ‘ g) - P(@k S MQ,@ ‘ g)

oo

= Z <Pik_21{Ki_Z}(1 B Qi,z) - inepik_41{Ki:Z} Zj#in)
=1
(oo}

= > P z}( — PQiv — QMZP2>
i=1 VED

= ZP 1{K1_g} (P? — Qi (P, P)) almost surely.

From [31, Lemma 20] we obtain Q; , = P?/(P, P) on {P; > 0, K; = ¢}. Thus,
2
R
U= (P, P)
on {F; > 0}. On {P; > 0} we have >, > /e p @j,c = 1 almost surely by (47). Thus, Qi =0

almost surely on {P; > 0, P, = 0}. It follows from the paragraph after (39 of [31] that ( .
holds also on {P; > 0} for all ; € N.

Qiv = (47)

Thanks to Lemma [ the proof of Theorem [3] is now completed as follows. Let j =

(jx)ker € NE and T be a diagonal tensor with diagonal entries tj ) = (ik,s)seljn] €
{2,3,...}7%. Define |T| := Y okeE Sk ks Let 6 € Pir|,g With ji k-blocks By 1, ..., By j, of
sizes ix.1,. ..,k j, respectively, and such that 1 and 2 are in the same block of 6. It is already

shown in that
;(T) = 1 (2)P(O7 =0).

Lemma 40 of [3T] carries over to the multi-type setting and implies that almost surely every
block of ©" having limiting relative frequency zero is a singleton. So if 4,7 > 3, ¢ and j are
in the same block if and only if Z; = Z; # 0 almost surely. On {P; > 0}, Lemma [4] implies
Z1 = Zy > 0 almost surely, so 4,j € N are in the same block if and only if Z; = Z; # 0.
This shows in particular that, on {P; > 0}, K; is the label of P; also of ©. Therefore, on
{P1 > 0}, the event {©p] = 6} coincides, up to a null set, with the event that there exist
pairwise distinct my s, k € E, s € [ji], satisfying

Zm = mps+a, forallk € E,s¢€ [jx] and m € By ,.
Let ¢y € E with 1 € Dy 4,. Then, by Lemma for all k # ¢y and all s € [ji],
P(Zp = my.s + 1, for all m € By, 4| G) = Pf,’f,jsl{Kmk)s:k}
and, furthermore, for all s € {2,..., 74},

P(Zm = Myq,s + 2y, for all m € Bgms ‘ g) = P:Yfg;sl{Km[O’S:k}
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and

P(Zy, = myy1 + x4, for all m € By, 11G)

— teg.1 1iep,172 —
= ngo,ll{K,nZO,S:ZO}P(Zl =My + e, | G)

3 3 —1 3
= Pﬂ’f%fll{é]%’;[o,szgo}/(Pv P) = Pﬂfg(;l,ll{KmZOYSZEO}/(Pv P)

almost surely on {P; > 0}, where the last equality holds since is, 1 > 2. Summation over all
possible values of my, s, k € E, s € [ji], yields

]P)(@‘T‘ 9|g Z H H Pmk 1{k} mp, é)

mkskEEs 1

almost surely on {P; > 0}. On {P; = 0}, Lemma [4| implies that P(Z,, = 0|G) =
Py = 1 almost surely and, therefore, Z,, = 0 almost surely for all m € {3,4,...},
so O has only singletons almost surely. The exchangeability of II implies that, condi-
tional on the event that ©’ has only singletons, the probability that 1,2 and ¢ are in
the same block of © is the same for all ¢ € {3,4,...} and must hence be zero. It follows
that, on {P; = 0}, O takes values in the set of partitions of the form Tk —1 =
(({1,2},61), ({3}, £2) ..., ({|T'|}, £y7=1)) for some £y, ..., 07—1 € E almost surely. In other
words, ©7 = (({1,2}, L1), ({3}, L2), ..., ({|T'|}, Lj7|=1)) almost surely on {P; = 0} for some
E-valued random variables Ly, ..., Lip|_1. Since all the blocks of § € P|r| g have size at least
2, it follows that P(07) = 0|G) = 1;1, -} almost surely on {P; = 0} if j = e and i1 = 2
for some k € E and P(0|7| = 0|G) = 0 almost surely on {P; = 0} otherwise. Combining this,
we obtain

PO =0l9) = Lp—oy Y Lizi=ryl{j=epiv.=2)
keE

+]-{P1>0} P P Z H H-Pmks]-{k} my, e) (48)

mkékeEs 1

almost surely. Analogous to Aldous [2] it follows that (P, K) takes values in A x EN almost
surely. Let @ denote the distribution of (P, K) restricted to (A \ {0}) x EN. Furthermore,
define o, :=P(P, =0, Ly = k) for all k¥ € E. Taking the expectation in yields

IP’(Q\T\ =0) = Z akl{j:ewk,l:?} +/ Z H mekgsl{k} ymk ) Q((dx(z')y))

kEE (AMONXEY 1 ke B s=1

Since ¢;(T) = clP(Op) = 0) with ¢ := ¢;(2), the statement of Theorem 3| follows with
Z:=cQ and ay := cay, for all k € E.
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10 Appendix

This appendix collects some basic definitions, illustrations and results used in the article.

10.1 Some formulas concerning the number of offspring

We provide some straightforward formulas and bounds for certain (joint) moments of numbers
of offspring.

Lemma 5. Under (A),

E(”k,[,i) = —, kag € E,Z € [Nkr]v (49)

and

k.leE, (50)

Var(Ny ¢) n (E(Nk,e))2 _ Var(vg,e,1)

E =
(Vk,é,lyk,E,Q) (Pfk) N Nk — ’
p1 Ovided lthal Nk‘ > .

Proof. Fix k, ¢ EJ\?. Eq. follows from E(Ng ) = E(vaz’“l Vi) = NiE(vg 1) Moreover,
E(N]?’e) = E( izkl Vi 0,i ijkl l/k%j) = Nk]E((I/k,g,l)z) + (Nk)QE(l/k7g7ll/k7g72). Assume now
that N > 1. Solving for E(vj ¢1vk ¢2) yields

E(NZo) = NeE(i 1) E(N,) — Ni(E(vge1))? — NiVar(vg,e,1)

E(k,e1Vk,02) =

(Ng)2 B (Ng)2
COEWVE) - Ne(FE)? Var(uen) | Var(Ni) (E(z\rk,g))2  Var(vgen)
(Nk)g N —1 (Nk)g Ny, N,—-1"
which is . ]

The following lemma provides upper bounds for the coalescence probabilities defined in
@ and @, respectively.
Lemma 6. For all k, /€ E,

E((Nk,e)2) E(Ng,e)
cke(Ng, No) < (Ng)zz < N,

and, for all k, 01,0y € E with ¢, # {5,

EWeo Nets) (E(Nk,el) ]E(Nk,fz))'

Ck,fhfz(NkaNflvaz) Ny, Ny
14Veo

IN

Proof. For all k,¢ € E, by @,

1 ol 1 al
¢, e(Ni, Ne) = (]VE)Q]E(ZVk,K,i(Vk,(,i_l)) < (NZ)QE(ZVk,K,i(Nk,Z_ 1)>

E(Nis) _ BN - 1) _ E(Nu)
(N£)2 o (NZ)Q Ng
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Similarly, for all k,¢1,{s € E with £1 # {5, by ,

Ny,
1
Ni, N Np,) = E .y
Ck,@l,eg( ks 2%} Zz) NglNEQ (lz_; Vk,éh Vk:,fz, )
1 S E(Np.e, Nis,)
k.0 k.l
< E iN — »1 st2 .
= Ny Ny, (;VWI’ k’b) Ne, N,
The last inequality follows from Ny ¢, /Ny, <1 and Ny g, /Ng, < 1. O

10.2 Block structure of the backward transition matrix

If the states m of P, g are ordered with respect to the number |7| of blocks of 7, then the
transition matrix P of the ancestral process (.Aﬁn’N))reNO is a left lower triangular block
matrix of the form P = (P; j)1<i j<n, Where each P, j is a (d'S(n,i) x d?S(n, j))-matrix with
P, ; =0 for i < j, where S(.,.) denote the Stirling numbers of the second kind. For all i > j
the block matrix P;; contains all the transition probabilities of transitions from states =
having 7 blocks to states 7’ having j blocks. In the following this block structure is provided
in detail for sample sizes n = 1 and n = 2. Tt is also assumed that d := |E| < oo for simplicity.
For n = 1 the state space P g of the ancestral process has size | Py, g| = d and consists of all
labeled partitions of the form m, := {({1},k)}, k € E. By @), pry.m, = E(Nek)/Ni, k, £ € E.
Thus, for n = 1 the transition matrix P = (px x)x xcp, » Of the ancestral process coincides
with the mean backward mutation matrix M := (mg¢)kecp, where my ¢ = E(Ngy)/Ni
is the mean backward mutation probability, i.e. the mean proportion of the individuals in
subpopulation k& after the reproduction step, who were born in subpopulation £.
M 0
Forn=2P = ( C D
matrix, C contains the coalescence probabilities and D the remaining transition probabili-
ties pr . for all states m and 7’ having two blocks, which can be calculated using . For
illustration, for E := {1,2}, and the state space ordered by

™ = {({152}’1)}5 T2 = {({1’2}’2)}a

> where M = (my, ¢)k,ecE is again the mean backward mutation

and

{111, ({250 mo= {({1} 1), ({2},2)},
m = {({1},2),({2}, D},  m = {({1},2), ({2}, 2)},

the transition matrix P = (pﬂi,wj)1§i7j§6 of the ancestral process is provided in Figure

T3
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10.3 Multi-type exchangeable partition probability function

Let E be some at most countable set. We call E the type space. For j = (jix)rer € N§ let
T; denote the set of all tensors T = (tx¢)k rcp With vector entries ¢4, € N}* for all k,¢ € E.
Note that if j, = 0 then t;, = () =: 0 € RY is the empty vector for all £ € E. Furthermore,
define 7 := UjeNgf 7;. The particular (and only) tensor in 7y with all its entries t5, = ()
being the empty vector is denoted by Tj. The following definitions are inspired from the
properties of the transition functions ®;, j € N¥, of multi-type Cannings models studied in
Section Bl

Definition 2 (normalization). A function p: T — [0,1] is called normalized, if p(Tp) = 1.

Definition 3 (consistency). A function p : T — [0,1] is called consistent, if for all j =
(jx)ver € NF and all tensors T € T; the equality

p(T) = 3 p(T(h0)+ 3 S p(T(k 1, 5)) (51)

keE keE s=1

holds for each ¢ € E, where the tensor T(k, ) is obtained from T = (ty )k ece by replacing
the (possibly empty) vector ti e = (ike1,---s9k.05,) 0Y (ke1s---,0ke4., 1) and the (possibly
empty) vector ty ¢ = (iker 1, -5 0ke jn) OY (Gl 1y, ik, 0) for all € # €, and the vector
T(k,?,s) is obtained from T by replacing the single entry iy s by ig s + 1.

Definition 4 (symmetry). A function p : T — [0,1] is called symmetric, if for all j =
(jr)ker € NE, all tensors T = (tx)kicr € T; and all permutations oy € Sj,, k, £ € E, the
symmetry relation

p(T) = p(a(T)) (52)

holds, where o(T) := (0k, otk,0)k.ecE-

A function p : T — [0,1] is called a multi-type partition probability function (M-PPF),
if p is normalized and consistent. If p is in addition symmetric, then p is called a multi-
type exchangeable partition probability function (M-EPPF). For the single-type case |E| = 1,
this terminology is in agreement with the notion of the exchangeable partition probability
function (EPPF) of Pitman [25].
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