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Exercise 1: (a) Let ∥·∥p∧q be given by

∥f∥p∧q = inf
f1+f2=f

{
∥f1∥p + ∥f2∥q

)
} .

Show that ∥·∥p∧q defines for any 1 ≤ p < q ≤ ∞ a norm on the respective space of
functions where ∥·∥p∧q is finite (called Lp∧q).

(b) Let ϕ ∈ L2∩L∞ and V ∈ L2∧∞. Show that ∥V ⋆|ϕ|2∥∞ and ∥V 2⋆|ϕ|2∥∞ are bounded.

Exercise 2: Let Ψ ∈ L2(R3N) with ∥Ψ∥ = 1 and µΨ be the respective one-particle
reduced density matrix.

Show that there is a sequence of vectors Ψn ∈ L2(R3N) such that limn→∞ ∥µΨ−µΨn∥tr = 0
and such that µΨn is diagonalizable for any n ∈ N.

Exercise 3: Let ϕt be a solution of the Hartree equation with ϕt ∈ L2∩L∞ for any t ≥ 0
for a potential V ∈ L2∧∞. Let Ψt be a solution of the respective Schrödinger equation, i.e.

i
d

dt
ϕt = (−∆+ V ⋆ |ϕt|2)ϕt

i
d

dt
Ψt = (−

N∑
j=1

∆j +
1

N − 1
V (xj − xk))Ψt

Assume that Ψ0 =
∏N

j=1 ϕ0(xj). Show that there is a C < ∞ such that

⟨Ψt, q
ϕt

1 qϕt

2 Ψt⟩ ≤ N−2(eCt − 1)


