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10 The exterior algebra

Throughout this section let (R, +,-) always be a commutative ring with a
multiplicative identity element, and let M be an R-module.

10.1 Definition. Let p € N>9. Let N be an R-module. A p-linear map
@ : MP — N is called alternating, if for all (mq,...,m,) € MP the following
implication holds:

If there exist 4,7 € {1,...,p} with 4 # j such that m; = m; holds, then
e(my,...,my) =0.

10.2 Notation. We define the R-module of alternating p-linear maps by
Al (M,N) :={¢ : M? — N : ¢ alternating }.
10.3 Example. Let (R,+,:) = (K, +,) be a field, and let M = K™. As

vector spaces over K, we identify M"™ = Mat(n,n, K). Then the determinant
map det : Matg (n,n) — K is alternating.

10.4 Definition. Let M be an R-module. For p € N>y we define a
submodule of ®” M by

NP(M) :=spanp{mi @...@my € Q"M : Ji # j s.th. m; = m;}.
The R-module quotient
M = @M [ N(M)

is called the p-th exterior power of M, or the p-th alternating power of M.
For equivalence classes, we use the notation

miA...Amy:=[m ®...0m, € NPM.

10.5 Remark. The composed map 7%, defined by

Te

Mp H‘I‘ ®pM ? /\pM
is p-linear and alternating. Indeed, for an element (mq,...,m;,) € MP with
m; = m; for some i # j, we have 7(m1,...,m,) € NP(M), so that o

T(mi,...,my) =0¢e APM.
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10.6 Remark. As a quotient of the p-fold tensor product, the alternating
product inherits rules for computation analogous to those listed in ??. In
the case p = 2, we have for all m,m/,m” € M and r € R the equalities

(1) (rm)Am’ = mA (rm/)

(2) (m+m)YAm” = mAm”"+m' Am"
38) mA(m +m") = mAm +mAm”
(4) mAO = 0

(5) 0Am = 0.

Analogous formulae hold for all p € N>2. We have furthermore

(6) miA...Amp=0 if m; =m; for some 1 <1i,j <p with i # j.

10.7 Proposition. Let M be an R-module. The p-th exterior power of M
18 up to isomorphism uniquely determined by the following universal prop-
erty.

For any R-module Z, and any alternating p-linear map ¢ : MP — Z, there
exists a unique p-linear map ¢ such that the diagram

Mm% o7

| A

N'M
commutes.

Proof. Follows from the universal property of the tensor product. O

10.8 Remark. As before, the universal property of the p-th exterior power
implies the existence of a covariant functor
A (R-Mod) — (R-Mod)
M > A’ M
M3 M o~ APM XS APM

such that the equality APa(mi A ... Amp) = a(mi) A... A a(mp) holds for
all (my...,mp) € MP.
Indeed, for any homorphism « : M; — My of R-modules, the composed
map 74 o (a X ... x a) : MY — MY — AP M, is alternating. The map
NPa o NP My — AP My is defined as the unique R-linear map satisfying
NPa o =780 (e x ... x ) given by the universal property.
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10.9 Proposition. Let M be a free R-module of rank n < co. Then
N’'M ={0} forallp>n.

Proof. Let {e1...,e,} beabasisof M. Then Q"M = spang{e; ®...®e;, :
1 <iy,...,i, < n}. By its construction as a quotient,

N'M =spang{e; A...ANej, + 1 <iy,... i, <n}.

If p > n, then for any p-tuple (i1,...,17p), theres exists at least one pair of
indices 1 < j,k < p with j # k but i; = 4. Thus e;; A ... Ae;, = 0. O

10.10 Remark. Let p € Nyg. Recall that the group of permutations
(Xp,0) is given by the set ¥, of bijective maps from {1,...,p} to itself,

[P

together with the composition “o” of maps. For a permutation o € 3, the
composed map

MP — MP — RPM
(mq,... ,’I?’Lp) — (ma(l), ces ,’I?’La(p)) = M) @ ..o @ Mg (p)
is p-linear. Thus, by the universal property of the tensor product, it defines

a unique R-linear map @®”M — Q¥ M which shall also be denoted by o, by
abuse of notation.

Obviously, for this map holds o(NP(M)) C NP(M). By the universal prop-
erty of the quotient APM = Q"M /NP(M) there exists a unique R-linear
map o, which makes the following diagram commutative:

RM 7= R M
N'M — N'"M

It is customary to denote the unique homomorphism & again by o. By
construction, it is given on generating elements by

o N’ M — N’ M

mi Ao AmMp = Mgy A A Mgy

10.11 Proposition. Let M be an R-module and let p € N>o. Then for
alla € A°PM and all 0 € 3, holds

o(a) = sign(o) a.
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Proof. Since the map o : APM — APM is R-linear, it is enough to prove
the formula on generating elements a = m; A ... Am, € APM, where
my,...,my € M.

Consider a representative t = m; ® ... @ m, € @"M, so that 7(t) = a. It
is enough to show n := o (t) — sign(o)t € NP(M). To do this, we write o =
T{0...0Ty, where 71,..., 7 are transpositions. Note that sign(c) = (—1)*.

We will prove the claim by induction on k. For £k = 1, let ¢ = 7 be the
transposition interchanging the indices ¢ and j. Without loss of generality
we may assume 1 <17 < j < p. We compute

n=me.0me.0me..0mp,—(—1)m ®...0m,
= M®...0Mi+mj)®...® (M +mj)®...Q0my,
—M...0M;K...0M; Q...0mMy
M Q... OM;D...0m; Q... 0 My
e NP(M).

Now let k£ > 2, and assume that the formula holds up to kK — 1. We have
o = 1100, where ¢/ = 19 0...07,. By assumption, we already have
o'(t) — sign(o’)t € NP(M). Then clearly also n' := 71(¢’(t) — sign(o’)t) €
P

NP(M). We compute
n' = o(t)—sign(o’) T (t) € NP(M), and
ny = 7i(t) — sign(m)t € NP(M) Dby step 1.

From this we obtain

o(t) —sign(o)(t) = of(t) —sign(o’)sign(m)t
= o(t) —sign(o’) (11 (t) — nq)
= o(t) —sign(o’) 71 (t) + sign(c’)ny
= n' +sign(o’)ny
€ NP(M)
Thus o(a) — sign(c)a = w(o(t) — sign(o)(t)) = 0, as claimed. O

10.12 Lemma. Let M be a free R-module of rank n < oo with basis
{e1,...,en}. Then there exists a unique alternating p-linear map

det: M" — R

called the determinant map, such that det(ey, ... e,) = 1.
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Proof. By construction, the n-th alternating product is given as

N"M = spang{e; A...Ne;, 2 1 <iq,...,0, < n}.

If {i1,...,in}G{1,...,n}, we must have i; = iy for some j # k, so that
ei, N...Ne;, = 0. We may hence assume that all n indices of the generating
elements are pairwise different, and all numbers 1,...,n occur as indices.

Reordering of the indices changes the element only by a sign +1g, so we get
AN"M = spang{e1 A...Nep} =R-e1 A...Ney.
Consider the coordinate map

R N'M — R
r-egtN...Ne, — r

By composition with the map 7% : M™ — A"M, we define det := j o 7.
Clearly, this is p-linear and alternating, and it satisfies det(eq,...,e,) = 1.
To prove uniqueness, consider another alternating p-linear map d : M"™ — R

with d(eq,...,e,) = 1. By the universal property of the alternating product,
there is a unique R-linear map d : A" M — R such that d = d o 7°.

Let a € A\"M. Then there exists an r € R such that a = r-e; A ... Aey,.
We compute

d(a) = T‘-Ci(el/\.../\en):T'd(elu-"ven)
T-lR
= r‘det(el,...,en)=T~j(61/\-.-/\€n) :j(a)

Henced:j,andthusdzr“ocZ:T“oj:det. O

10.13 Proposition. Let M be a free R-module of rank n < oo with basis
{e1,...,en}. Let p € N>o. Then the p-th exterior power N\PM is a free
R-module with basis (e;; A ... A e;,)1<iy<...<ip<n- In particular, for its rank
holds

n
rank(APM) = ( >

b

Proof.  Clearly, {e;, A...Aej, }1<iy,...i,<n IS a generating system of A" M. By
proposition 10.11, we may assume that the indices are ordered as 1 < i3 <
... <ip < n. We may furthermore confine ourselves to strict inequalities,
since otherwise €;, A ... Ae;, = 0.
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It remains to prove the R-linear independence of the generating family. This
needs some preparation.

We denote by Z the set of all tuples I := (i1,...,4,) with 1 <i; < ... <
ip < n. For I € Z we define the projection map

T M — RP
m=3 G riei = (Fig,..,Ti,)
which is clearly R-linear. Consider the unique p-linear determinant map
det : (RP)?» — R from lemma 10.12 with respect to the standard basis

{si}i=1,...p of RP. Its composition with the p-fold direct product of 7 defines
an alternating p-linear map

©r - MP — R
(mi,...,my) — det(mr(m),...,mr(myp))

The universal property of the alternating power gives a unique R-linear map
&1 : APM — R such that for all generating elements mi A ... Am, € A\PM
holds ¢(my A ... Amy) = det(mr(m1),...,mr(my)) .

Consider another tuple J € Z. For J = I we compute
orlej, A... Nej,) =det(mr(es),. .. mr(es,)) = det(s1,...,sp) = 1g.

However, if I # J there must exist some ¢ € {1,...,p} with j; & {i1,...,%p}.
Hence 77(ej,) = Og. Thus

or(ej; A... Nej,) = det(mr(ej,), ..., mr(ej,)) = Or.

Consider now an ‘R—lipear combination a = Z(jl,.l.,jp)el ritdees A Nej, €
with all r7t- » € R, and suppose a = 0. e properties of the
PM with all rJt--7 R, and supp 0. By the properties of th

R-linear map, we compute
Op = @r(a) = rit=
for all I = (i1,...,1p) € Z. O
10.14 Exercise. Let M be a vector space over a field K. Let mq,...,m, €

M. Then mq A ... Amy # 0 if and only if mq,...,m, are K-linearly inde-
pendent.
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10.15 Notation. Let M be a module over a commutative ring (R, +, )
with multiplicative unit. We define

Nt = DA

peEN

as an R-module, where A’M := R and A\'M := M. By taking direct sums,
there is a canonical R-linear map

T ®M—>/\M.

10.16 Proposition. There exists a unique R-algebra structure (\ M, +, -, \),
with respect to which © is a homomorphism of R-algebras.

Proof. By construction, 7® is a homomorphism of R-modules. It is sur-
jective, so for any a,a’ € \ M, there exist elements ¢,t' € & M, such that
7(t) = a and (') = a’. We then define

aNd =rn(tet).

By a straightforward computation, one verifies that this gives a well-defined
bilinear map, which is unique. U

10.17 Remark. In particular, proposition 10.16 implies that there is a
unique well-defined bilinear map

A NPMxNM — APYIM
(01,02) — a1 A\a2

for all p,q € N, such that for all t; € ®” M and t2 € @ M holds

w(t1) AT (t2) = T (t1 @ t2).

10.18 Definition. Let M be a module over a commutative ring (R, +,-)
with multiplicative unit. Then (M, +,-, A) is called the exterior algebra of
M.

10.19 Remark. a) The exterior algebra (M, +,-, A) is an associative al-
gebra with multiplicative unit 1z € A M. In general, it is not commutative.

b) As before, there is a functor
A: (R-Mod) — (R-Alg)
M —  AM
¥ = Ap
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10.20 Lemma. Let a; € A\°* M and as € N\? M with p,q € N. Then the
following formula holds:

azNap = (—1)Pay A as.

Proof. By linearity, it is enough to prove the claim on decomposable el-
ements. Let a; = mi A ... Amy and a2 = mpy1 A ... A mppq, with
Mmi,...,Mpyrqg € M. Let 0 € ¥4, be the permutation mapping the tu-
ple (1,...,p+q)to (p+1,...,p+¢q,1,...,p). One easily verifies sign(c) =
(—1)P2. Then

axNap = Mpri Ao AMprg Ami Ao Amy
= o(miA... ANMypyq)
= sign(o) - mi A... AMmypyy
= (—1)pqa1/\a2

by proposition 10.11. U
10.21 Example. Let R = R and M := R3, with standard basis {e1, e2, e3}.

Then we find
/\R3%R@R3@R3@R.

For the element a := es + €1 A eg one computes a A a = —2e1 A ea A eg # 0.
10.22 Example. Let M be a free R-module with a finite basis {ej, ..., e, }.

Let o : M — M be an R-linear map, which is given with respect to the cho-
sen basis by a matrix

ail] ... Qip

Alnp ... Qpn

Let p € N>o. For an element e; A...Ae;, with 1 <4y <... <14, <n of the
induced basis of AP M we compute

NPo(ey N Ney,) = olen) Ao ANp(es,)
n
Zjl,...,jp:1 Qiy,j51 €51 ARERNA Qi jp Edp
= 21§j1<...<jn§n Zoezp sign(o)ag, j, - - - S R ARERAY T

2] 4eeyl
= Zl§j1<...<jnsndet(Ajl,m,Ji)'
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In particular, for p = n = rang(M) we find on the generating element

A A" M — N M
e1N...Ney — det(A)-eg A...ANey

a b

For example, let n = 2, and A, = < e d ) Then one computes

Np(er,e2) = pler) Ap(es) = (aer + cez) A (bey + des)
= abey ANey+ adey N ey + cbes N e + cdes A es
= (ad —bc)ey A es.

10.23 Proposition. Let M be a free R-module of rank n < oo. Then
N\ M is a free R-module of rank

rank(/\M) = 2"
Proof. By proposition 10.13, we have rank(A? M) = (Z) for 0 < p <mn,
and A\” M = {0} for p > n by proposition 10.9. We thus compute

n n

rank(A M) =" (1) = ()11 P =(1+1)"=2"
i=0 i=0
using the binomial formula. O



